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CTPYKTYPA TPEXMEPHbBIX CTAIIMOHAPHBIX
N30BAPNYECKNX JBOMHBIX BOJIH
B UJEAJIbBHOM HECYKMUMAEMOW YKNJIKOCTU.
YACTbD 1. PEAVKIINA OIPEIEJISIOIIEN CUCTEMbBI YPABHEHU

B. E. lllemapynun
(OI'VII "POA-BHUUDD", r. Capos Huzkeropoxckoit obiacrn)

CemeiicTBO HETPUBHAIBHBIX N300APUIECKUX TEYEHUN PACHATAETCHA HA JBA KJIACCA — IIPO-
CThIe U IBOWHBIE BONHBI. B paHee omy0IuKOBAaHHON paboTe MOMTHOCTHIO OMUCAHA CTPYKTYPa
MPOCTBHIX BOJIH — JBYMEDHBIX HECTAIIMOHAPHBIX U TPEXMEPHBIX CTAIMOHAPHBIX. B maHHOM
paboTe, cocTosmeil n3 ABYX YacCTel, OMUCAHA CTPYKTYyPa TPEXMEPHBIX CTAIMOHAPHBIX H30-
OapuUIECKUX JBONHBIX BOJIH.

B mepsoit wactu cucrema (GpyHKIIMOHAIBHBIX YPABHEHUH, HESBHO OIPEIENAIONasd H300a-
pUYecKye TpexXMepHble CTAIMOHAPHBIE IBONHBIE BOJIHBI, PEAYLUPOBAHA K SKBUBAJIEHTHOM
cucreme, bosee ymoOHOH mjia mcciaenoBaHud. B ciemyromed gactu Oymer moKa3aHO, YTO
PEIIeHns PeIyIUPOBAHHON CHCTEMbI HMEIOT HECJIOXKHYI0 F€OMETPUYIECKYIO CTPYKTYPY, U JIa-
HO SIBHOE OIMCAHUE MHOroOOpa3Ws JIOKAJbHBIX PEIIEHUN ITOH CHCTEMBI — OCHOBHBIX KOH-
CTPYKTHBHBIX 3JIEMEHTOB, 00beIHHEHUSIMU KOTOPBIX SBJISIOTCS BCE PACCMATPUBAEMbIE 3/1€ChH
IBOIHBIE BOJHBI.

Karuesvie caosa: n300apruiecKrue TEUEHNs, TPEXMEPHBIE CTAIIHOHAPHBIE IBOWHBIE BOJIHBI,
ompenendomas cucreMa (GhyHKIINOHAIBHBIX YPABHEHUN, PEAYIUPOBAHHAS CHCTEMA.

BBenenue

B macrogmeii paboTe mpomonKaeTca u3ydeHne CTPYKTYPhl H300apUYeCKUX TeIeHUN UIeaTbHON HECKH-
MaeMoii KuakocTu (Jajee ais KpaTKOCTH — u3obapudeckux redeHumii), Hadaroe B [1]. U3obapudecku-
MU (MHEPIMOHHBIMA) HA3BIBAIOTCS TEYEHWs C TOXKIECTBEHHO IIOCTOSHHBIM JaBieHneM. HeTpusmasbHbIe
(memocTosiHABIE) M300APUYECKNE TEYEHUs MOXKHO Pa30MTh HA IBA Kjacca — TedeHus panra 1 (mpocrbie
BOJIHBI) U Te9eHns paHra 2 (nBoiiabie BomHbI). CTpyKTypa m306apuaecknx TeueHuii paara 1 — 1ByMepHBIX
HECTAI[MOHAPHBIX M TPEXMEDPHBIX CTAIMOHAPHBIX — HCCJaenoBaHa B pabore [1]. B mammoit pabore uccie-
IyeTcd CTPYKTypa TPEXMEPHBIX CTAIMOHAPHBIX m300apuueckux TedeHmit panra 2. Bompoc o crpykrype
TPEXMepHBIX HECTAMOHAPHBIX TEYeHUil HE PACCMATPUBAETCH.

N3obapudeckne TedeHnd B HEPEMEHHBIX DUJIepa OMUCHIBAIOTCA CJEAYIONeil CucTeMO#l ypaBHEHUU Mg
noJIg BEKTOPA CKOpoCcTH U = U (¥, t):

U+ (- V)u=0; divd=0.

OTHu ypaBHEHUS WHTErPUPYIOTCA B 3aMKHYTOMH hpopme. Dopmyiibl 00IIEro pereHns MOXKHO HANTH B [2—4]*.
Obuiee peleHme 3amUCBIBAETCI HEIBHO B BHJE (DYHKIMOHAJBLHOTO ypaBHEHUs (B CJIydae pelIeHWil paH-
ra 1) wim cucrempr byHKIIMOHAJBHBIX ypaBHEHUH (B Cilyvae pemenuii para 2) 1jis KOMIOHEHT BEKTODA
CKOPOCTH, KOTOPBIE COEPIKAT OMPEIEIEHHOE YUCJI0 MIPOU3BOIbHBIX yHKIUA. B cBA3u ¢ 9TvM BO3HUKAET
3a/ada — JaTh OOJee MpoCToe, IO BO3MOXKHOCTH IBHOE, OMUCAHUE BCETO MHOr0o00Opa3usd TedeHuil, ompee-
JITeMbIX HAUEHHBIMU [IJId 00IIero perrenusd HedBHbIMEU dopmyaamu. g IByMEpPHBIX HECTAIMOHAPHBIX

* o (Y] (Y] (Y]
XpoHosorn4ecku nepsoi, HO MeHee yadHON nmybiukanuell 06 mHETErpUpyeMoCcTH STUX ypaBHeHuH Opura padora [5].
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U TPEXMEDHBIX CTAI[MOHADHBIX (MMeromux paHr 1) m3obapudeckux TedeHumil dra 3amada pemena B [1]:
MOKA3aHO, 9TO BCE TAKUE TeYeHus (KaK JBYMEPHBIE, TAK W TPEXMEDHbIE) SBJIAIOTCI OObeMHEHUAME 00Ia-
creit Teaenuit paara 1 TPex OCHOBHBIX THUIOB — CIBHWTOBBIX, KOHUYECKUX W TAHTEHIMAJIHHBIX. [Ipu sTOM
HecTanuoHapHbIe Tedennd B R2 (1, z9) paccMaTpuBaioTcs Kak cranuponapubie "revenns" B R3 (z1, z0,1),
JJIsi KOTOPBIX TPeThsd KOMIOHEHTa BekTopa 'ckopocru" (Bmomb ocu Ot) toxkpecrsenHo pasra 1: w = 1.
CoracHo ompeziesieHno B 001eM ciaydae (BHE 3aBHCHMOCTH OT PAHTA):

1) caBUrOBBIE TEYEHUST — ITO XOPOUIO M3BECTHBIE TEYEHUSA B MNAPAJIIENBHBIX IJIOCKOCTAX, B KazKION
IJIOCKOCTH — IO TAPAJIIEIbHBIM IIPAMBIM;

2) xoHmYeckue (TeUeHUST KOHMIECKOrO THIA) — TEUEHUS [0 CeMefiCTBAM KacaTeJbHbBIX IOJIYIIIIOCKOCTelH
IPOM3BOJIbHBIX BBHIIYKJIBIX KOHUYECKHAX MMOBEPXHOCTEH, B KaXKJIO# MOJYIJIOCKOCTH — II0 MPAMBIM,
MapaJIeIbHBIM IIPUHAIJIEKAIIEH eii 0Opa3yomieii KOHHIECKON TOBEPXHOCTH;

3) TaHreHIUAIbHbIE (TEUEHHS TAHTEHIMAJIHHOIO THUIA) — TEYEHHUS IO CeMEWCTBAM KaCaTeIbHBIX IIO-
JIYIIJIOCKOCTEll TaHreHIUAIBHBIX MOBEPXHOCTER (T. €. MOBEPXHOCTEH, 0OPA30BAHHBIX KAaCATEIbHBIMU
IPOU3BOJIBHBIX MPOCTPAHCTBEHHBIX KPUBBIX ), HOAYMHEHHBIX ONPEIEJE€HHBIM YCJIOBASM BBITYKJIOCTH
(rapaHTUPYIONMM OTCYTCTBHE IepecedeHnii KacaTeIbHbIX HOIYILIOCKOCTEl ), B KAXK IO IOy IIIIOCKO-
CTH — II0 IPAMBIM, [TAPAJLIeIbHBIM IPUHAJIEXKAIIEN et 00pal3yomieil TaHreHIINAIbHON TOBEPXHOCTH
(kacaTesbHON K KPHUBOIL).

B wacrosimeit pabore pemreHa 3amada JOKAJBHON KaacCU(PUKAIMUN H300aPUIECKUX TPEXMEPHBIX CTa-
[IMOHADHBIX Te4YeHWi paHra 2 (qBoitHbIX BOiH). JlOKa3aHO, YTO AHAJIOTMYHO TedeHHWsM paHra 1 job6oe
n300apUIECKOe TPEXMEPHOE CTAIMOHAPHOE TEeUeHUe paHra 2 siBjasercda obbemumHeHmeM obJiacTeilt CIBUTO-
BBIX, KOHUYECKUX W TAHTEHIMAJbHBIX TedeHWi. KIWHCTBEHHOE OTIMYMe OT TedeHuWil panra 1l cocTouT B
TOM, YTO JJis TE€UYEHHW PAaHra 2 B KaXKIOW MIOCKOCTH (HMOJIYIIOCKOCTH), HA KOTODBIE PACCIAWBAETCH Te-
YeHne, HA KaXKJIOH mpaMoii, aBiasmomeiica Tpaekropueil (nuHUENR TOKA) HEKOTOPOH YaCTHIBI KUAKOCTH,
CKOPOCTb MOKET MMETh CBOe 3HA4YeHNe, B TO BpeMsd Kak Jid TedeHnil panra | B KaxK0i mIocKocTH (mosy-
IJIOCKOCTHU ) TedYeHne MOCTOSHHO, 33 NCKJIIOYEHNEM TeUeHWi 10 HapaJiiIebHBIM IPIMbIM, KOTJIa CKOPOCTh
TaKKe MOXKeT UMeTh CBOe 3HaUeHUe Ha KaXKJOW IPAMON.

Taxum 06pa3oM, CABUTOBBIE, KOHHYECKHE M TAHTCHIINAJbHBIE TEIEHUS IBJIAIOTCI OCHOBHBIMU KOHCTPYK-
TUBHBIMU dJIEMEHTAMH, U3 KOTOPBIX COCTOUT JIFOO0e JByMEePHOE HeCTAIMOHAPHOE U JIF0O0Ee TpeXMepHOe CTa~
IMOHAPHOE M300apuIecKoe TedeHue. Pasymeercsd, mjsd KaxKIOro KOHKPETHOIO TE€UEHUSA COCTABJIAIOIIMMUI
€ro dJIEMEHTAMU MOTYT OBITH HE IOJIHBbIE T€YEHUS OCHOBHBIX THUIOB, & TOJHKO HEKOTODBIE WX YACTH.

OTMernM, 9TO U3JI0KEHHBIE 371ECh PE3YIbTATHI paHee ObLIN AHOHCHPOBAHHL B [6].

Sajada JIOKAJBbHOW KJIACCH(DUKAIMU TPEXMEPHBIX CTAIMOHAPHBIX M300apPUYECKUX IBOWHBIX BOJIH pe-
maercda B ABa dtama. Ob6mme (opMysbl, HEABHO ONUCHIBAOIINE TEUYEHUHA TOrO KJIACCA, COAEPXKAT TPHU
npou3BoJibHBIE miagkue pyarmuu G, H, ¥ oT Tpex KOMIOHEHT BEKTOpa CKopocTu. Ha mepBom 3Tare,
KOTODBIil mpeacTaBisier coboi comeprkanme HACTOAMmE! paboTel (9acTh 1), mMOKa3bIBAETCA, 9TO MHOTO0D-
pa3ue peleHuii ypapHeHuil ¢ mpou3BoibHbIME G, H m X cOBIamaeT ¢ MHOrooOpa3ueM peIleHmnil TAKUX Ke
ypaBHeHwuit, B KOTOpbix G, H u 3 aBJILAIOTCS IIPOU3BOJIBHBIMA OZHOPOAHBIMU (DYHKIUSIMHU CTEIEHeH OHO-
poxuoctu 0, —1 u —2 coorBercTBeHHO. 3ajada KiaccuUKAIUK (IBHOTO OMUCAHHUS BCETO MHOTO0OOpa3us
pelieHnii ypaBHEHU ¢ Mpou3BoabHbIME GyHKIuaMu G, H u X, obagaonuMr yKa3aHHBIMEA CBORCTBAMUI
OZIHOPOJIHOCTH) PENraeTca B 9acTu 2.

1. Kuanaccudukanusa n3o0apuiecKuxX Te4eHU N0 paHTy

[Iycts u; = w; (21,22, 23,t), i = 1,2,3, — OPAMOYTrOJIbHBIE [EKAPTOBbI KOMIOHEHTHl BEKTOPA CKOPO-
cra i = (uy,uz,u3) B Touke & = (z1,2,x3) eBkammosa mpocrpancrea R> (ry,xa,23); ©1, o, T3 —
IPSIMOYTOJIbHBIE TEKAPTOBbI KOOPAMHATHI (IepeMeHHble Ditnepa); ¢ — Bpemda. B uzobapuueckoM TedeHnn
9aCTHUII KUIKOCTU JBUKYTCA O NPAMOJIUHENHBIM TPAEKTOPUAM C IOCTOAHHBIME cKopocTamu. CiemoBa-

TEJIbHO, BEKTOP CKOPOCTHU ABJIAETCA (DYHKITHEH JarpaHKeBbIX mepeMeHHbix &, 1, (: 4 = U (E), { = (& n,¢),

rae ¢, n, ( — 3HaYeHUd KOODIAWHAT X1, T2, T3 JACTUI[ KUJKOCTU B HAJAJbHBIN MOMeHT Bpemenu t = 0:

£=2(0).
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OpHuM W3 ypaBHEHHH, ONMUCHIBAIONINX TPEXMEpPHbIe N300apuIeCKre TeIeHUd B JIATPAHKEBBIX II€PEMEH-
HBIX &, 7], (, ABILETCA CIIeAyOllee ypaBHEHNUE [l KOMIIOHEHT BeKTopa ckopoctu ¥ (cm. [1—4, 7]):

9 ) Ure Uip Uig
U1, U2, U3
detJ = — = =7 = U2’£ “2,77 u27€ = 0,

d(&m,¢)
Uge U3y U3

Ou; Ou; Ou;
Uu; Eﬂ, U; Eﬂ, Uu; Eﬂ, 1 =1,2,3.
83 aé- »1 87] Ne 84—

Bcerogy B gampmeiiniem orpanmdauMcd paccMoTpeHumeM obJiacTel, B KOTOPBIX paHr marpunbl Axobum J
UMeeT MOCTOAHHOE 3HAYEHNe, T. €. U3ydIeHNeM JOKAJbHON CTPYKTYyphl TedeHuii. B cuny ypaBuenus detJ =
= 0 ana m3obapudeckux Teuenuii Bcerma rkJ < 2. Orcroga HEMOCPEICTBEHHO MOJYYIAeTCd CIEAYIOIAad,
npenBapuTeNbHAA U BeChbMa Ipybad, kiaccudukanng n3odbapudeckux TedeHuir mo paury rk J:

1) rkJ = 0. B srom ciaygae 4 = const u TedeHne MOCTOSHHO;

2) tkJ = 1. B sroM ciry4ae JBe KOMIOHEHTHI BEKTOPA CKOPOCTH ABJIAIOTCA (DYHKIUSMHU TPETHEN.

Teuenne Ha3bIBaeTCA IPOCTON BOJHOM [2|, nin Teuennem panra 1;
3) tkJ = 2. [Ing Takoro TedeHus OJHA M3 KOMIOHEHT BEKTOPA CKOPOCTHU aBjsierca dbyHKIuell aByx
apyrux. B arom ciydae TedeHue Has3bIBaeTCH JBOIHOI BOIHOM [2], miu Teuenuem panra 2.

2. Cucrema PyHKIMOHAJIIbHBIX yPABHEHU, HEABHO ONMCHIBAIOIIAS
n300apudecKne TpeXMepHbIE CTAIMOHAPHBIE ABOMHBIE BOJIHBI

Hegasubie dopmyssl 001ero pemreHns ypaBHEHW, ONUCHIBAIOIMINX W300apUIeCKue TeYeHus PaHra 2 B
U/IeaIbHON HEeCXKMMAEMOil KUIKOCTU B SNUIEPOBBIX MEPEMEHHbBIX, HMEIoT caeayrommii Bug (cm. [2—4]):

G (ul,u2,u;:,) = 0;
3
oG
> (i — tu;) H (u1,u2,us3); (1)

i=1 Ou;
’ 8%G ’ oH
Z (.%'z - tui) (.%'j — tUj) a4 2 Z (a?z — tui) % = E(ul,uz,U3).
i,j=1 i—1 [
Baecy G, H, ¥ — npousBosibHbIE IIagkue (DYHKIUY, I KOTOPbIX cucTeMa (1) paspemmnMa OTHOCUTENBLHO
IEepEMEeHHBIX U, Ug, ug. Cucremy (1) Hamo paccMaTpuBaTh Kak CHCTEMY (DYHKIMOHAJIHHBIX yDABHEHUI
[T HAXOXKJIEHUd U1, U2, U3 KaK (PYHKIIUN HEPEMEHHBIX T1, L2, T3, L.
Bceroay B manpHeiiem orpaHnduMCca PaCCMOTPEHHEM TON YaCTU IPOCTPAHCTBA, B KAXKIOM TOIKE KOTO-
poit dyukrnua G yIoBIEeTBOPIET COOTHOUIEHUIO

(2)

VGEVuGE<8G oG 8G> 0.

du1’ duy’ dug

[Ipu sToMm, He orpanmduBag OOITHOCTH, OyZEM CIUTATH, 9TO BCIOAY B PACCMATPUBAEMON 00/IaCTU TE€IEHUT

oG
—— # 0. Tak Kak 3/1€Ch PaCCMaTPUBAITCS TOJHKO CTAIMOHAPHBIE TEUEHUA, TO

8u3
u; = u; (r1,22,23), ©=1,2,3. (3)

Jaa pemennii Buga (3) cucrema (1) "pacmemnserca mo ¢t". A mvmenno, npupasauBasg K03hOUIMEHTH TpH
COOTBETCTBYIOUINX CTEIEeHAX IepeMeHHOH’ ¢ (tO =1,t, t2), IIPUXOINM K BBIBOMY, 9TO KOMIIOHEHTHI BEKTOpa
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CKOPOCTH JIOO0T0 CTAIHOHAPHOTO M300aPUIECKOr0 TEeUeHNd PAHTa 2 yIOBIETBOPAIOT CIEAYIOIIEH cucTeMe
HEABHBIX ypaBHEHWUI:

G (u17u27u3) = 07

sza—G = H (uy,usg,u3);

3. Penykmnusa cucreMbl PyHKIUOHAJIBHBIX YDPABHEHU
B ciiy4uae ogHopoaHbix pyuknuii G u H

Paccmorpum gacTHsI caywaii cucremsr (4), korna G — ogHOpOaHAS (DYHKIUS cTeneHn oqHopoaaocTH 0.
Torma o Teopeme ditiepa 00 OFHOPOIHBIX (DYHKITUAX

oG

=1

BameTnM B CBA3W C THM, 9TO TPEThe ypaBHeHHe CuCTeMbI (4) HEOOXOAMMO BBIOJHSAETCT HA KAaZKIOM

petenun (uq, ug, u3), u; = u; (1,2, 23), HO TO elle HE O3HAYAET, YTO BBHIIOIHEHO TOXKAecTBO (5). dud-

depennupys (5) mo uj, morydaem

3

oG n 0’G

Ou; Ou;0u;
A iOUj

0. (6)

Ymuoxad (6) Ha uj, CyMMupys 10 j B yauThBag (5), HAXOAUM

3
0’°G
S wiuj———=0. (7)
ij=1 Jauiauj

Amanormyno, ymMHOXKas (6) Ha ; H CyMMEpPYd IO j, IMeeM

3
oG 2a
Zx]a—u] + Z ijiiau'auj =0.
7j=1 1

Orcroma B crily BTOpOro ypaBHEHHs CHCTeMBI (4) mosiydaem

3
9*G
t,j=1
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[Iycre H — omuopomuag dyHKIg cremenu omaHopomuoctu —1. Torma

13 (8) u (9) cunenyer
0H
i iy — Y. 1
Z L% o, Buzau] ;u ou; 0 (10)

Coornonterns (5), (7) m (10) coBmamaioT ¢ TpeTbHM, IIECTHIM K NATHIM YPABHEHHAME CHCTEMBI (4).
CnepoBarenbro, eciiu G u H — ogroponuble dbyHKnuu creneHeit ogropogaoctu 0 m —1 cOOTBETCTBEHHO,
TO cucrema ypasHeHwmil (4) pegynupyerca K Ciemyomeii:

G (U]_, uz, U3) = 07

Z a—uz _H(u17u27u3); (11)

Z TiTj au au 223}, ou, Z (u1,ug,us).

3,j=1

[Tpw srom u3 (11) cnexyer, aro B 3TOM Caiydae ¥ OyzeT oqHOPOAHON (hyHKIMElH CTeneHn OqHOPOJHOCTH —2.
B pesyabrare mokazana
Teopema 1. B cayuae odnopodnwzr pyurxyut G, H u X cmenenets odnopodnocmu 0, —1 u —2 coom-
8EMCMBEHHO CuCMeMa YypasHerutl (4) sxeusasenmua cucmeme mpex ypaswenuts (11).

3amewanue 1. Cucrema (11) mo dopme coBmazaer ¢ CHCTEMOI COOTHOLIEHNH, HEIBHO ONpPEIEIAIONINX
B IepeMeHHBIX Jlarpanzka ofliee pelreHne ypaBHEHUil, ONHCBHIBAIONINX H300apUIeCKUe TEUEHNS PAHTa 2
(cm. [2—4], a Takxke coorHomenus (1)). ExuHcTBeRHOE OTIMYME 3aKII09AETCH B TOM, 9TO B yIOMSHYTHIX
dbopmymax obmero pemennsg G, H u ¥ aBIgi0TCA IPOX3BOIBHBIMA MNIAAKAMY (DYHKIAIME, IS KOTOPBIX
5T HOPMyYJIB PA3PENIEMBI OTHOCHTENIBHO U1, U2, U3, B TO BPEMs Kak mepexof or cucreMsl (4) K cucreme
(11) GBI BRIIOIHEH B mpeanOIOKeHnn OxHOpogHOCTH dyHKIuit G, H n 3.

4. Csepgenue 001Iero ciaydas K CJIy4aio ogHOPOAHbIX dbyukmmii G, H u X

"MluBapuaHTHOCTB" cucTeMbl (PyHKIIMOHAJIbHLIX YPABHEHUI OTHOCHUTEJILHO BbIOOpa (byHK-
muu G, ompeendaoieii CBA3b KOMIOHEHT BEKTOPA CKOPOCTHU. I[lOCKONBKY jajiee ypaBHEHUSA B
9IIEPOBBIX MEPEMEHHBIX HEOJAHOKPATHO OYIYyT COMOCTABIATHCA C YPABHEHUAMH B JIATPAHKEBBIX MEPEMEH-
HBIX, IepeiifieM K JarpaHkeBbIM 0O03HAYEHUSAM JIJIsd JTeKAPTOBBIX KOOPAMHAT TOYEK MPOCTPAHCTBA!

Si=¢=x; L=n=y; &=(==z
B sTux obo3naueHnax cucrema ypasHeHuil (4) mpumer ciaeayommii Bui:

G (ula uz, U3) = 01

3
0G
giza—uz = H (u1,u2,u3);
8H
z; ézéga 8u Zfz ” T (u1,u2,u3) ;
Zuia—q =0; (12)
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i = 0;
Z Y S, auzauj

5,j=1

B cayuae npousBonbabix G, H u ¥ nepsbie Tpu ypasHeHus cucrembl (12) ompenensior obmiee perrerne
HECTAIMOHAPHBIX H300apUYECKUX TEUYEHW paHra 2 B JIAUDAHKEBBIX HepeMeHHBIX (ecaum & = &, &y = 1),
&3 = ( cIMTATH HE JEKAPTOBBIMH, &, KAK OOBITHO, JIATPAHZKEBBIME KOODANHATAMH).

Iycrs P — moBepxrOCTS B mpocrpancTse R3 (uy, us, uz), onpenensemas ypasuernem G (uy, ug,uz) = 0:

P = {(ul,uz,w,) : G(ul,uz,w,) = 0} . (13)

Wcxons u3 mpuHATOrO COrVIAIIEHNS, CINTAEM, ITO rpagueHT GpyHKIun G OTINYEH OT HyJd B JIFOOON TOUKe
moBepxHOCTH P:

VG|p # 0. (14)

Homycrum, aro g = g (u1,us,uz) — Apyrag riagkas GyHKIUs, 3aJa0m0ad moBepxHocTs (13):
P = {(u1,u2,u3) : g (u1,us,us) =0} (15)

n 9TO B Ka,)KILOﬁ TOYKEe HOBerHOCTI/I P BBIIIOJIHEHO HepaBeHCTBO
Vglp #0. (16)

Tak kax G|g:0 =0u Vglg—o # 0, To cymecTByeT rmaskas GYHKIHI @ = ¢ (u1,ug,u3) Takag, 9ro (CM.,
Hampumep, [8], c. 121)
G = pg. (17)

[ockonsky byrknun G U ¢ OmpemetsioT OAHO I To e MHoroobpasume P B R3 (uy,us,us), To ¢ # 0
sue P. Kpome Toro, B cuny (17) mmeem VG|p = Vo - glp + ¢Vyg|lp = ¢|p - Vg|p. Otcroma cormacuo
HepasercrBaMm (14) u (16) caexnyer, uro B 1:060#f TOYKe mMOBEpXHOCTU P BBINOJIHEHO COOTHOLIEHHE ( 7
# 0. Takum o6pa3oM, BCIOAY B PACCMAaTPUBAEMOl YAaCTH MPOCTPAHCTBA (T. €. TaM, IJe BBIIOTHAIOTCS
Tpebyembre orpanmdenus Ha G u g) p # 0 .

[Mopcrasnasa seipaxenue (17) gua G B ypasaenus cucremsbl (12), mocie psaga HECIOKHBIX IPEOOPa30-
BAHWI MPUXOAUM K CIEAYIONIEl cCucTeMe ypaBHEHUi Ay (QyHKINH g:

g (U1,UQ, U3) = 07

Zézaul Hy (u1, up, us)

9? OH
> fifjﬁ Zfz 1 = 1 (u1,u2,u3);

1,j=1

3
S wl o, (18)
; Ou;
=1

i U U5 Py =0
. " Ou;0u; '

3

829 8H1
_ -0

”Z i Jauiau,- ; b Ou; '

Hy = Hy (uy,ug,u3) = <p71H; 21 =31 (u1,u2,u3) = @712.
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Cucremsr (12) u (18) umeror oxHy u Ty XKe CTPYKTypy. Bosiee Toro, kak cmcremsl (DyHKIHOHAIHHBIX
yPaBHEHUI OTHOCUTEIHHO HEM3BECTHBIX U1, U2, U3 OHU YKBUBAJIEHTHBI. 1TOOBI yOeIuThCd B 9TOM, 0003HA~
anm cucremst (12) u (18) Tpoiikamu xapaxrepusytomux nx byukuuit: S12) = (G, H, X), S(18) = (g, h, X1).
[lepexom ot S(19) X S(18) PopmambHO cBOTUTCA K 3amene B cucteme (12) bynxmmit G, H u X wa bysknun g,
Hy = ¢ 'H u % = ¢ '3 coorsercrsenno. Ilepenuceag (17) B Bume

g=yG, Y=y (19)

n moncrasnaa (19) B (18), momobmeiM obpasom or cmcTembl S(1g) TPUAEM K HCXOTHOH cmCcTeme
(G,@b*lHl,@b*lEl) = (G, H,X) = S(12), ur0 u o3nagaer skpuBajseHTHOCTH cucreM (12) u (18). Vwmes B
BUJIy 9Ty 5KBHBAJEHTHOCTH W CBOWCTBO COXPAHEHUHA CTPYKTYPBI CHCTEMBI, OYI€M FOBOPHTH, 9YTO CHCTEMA,
ypasreruii (12) wHBapmaHTHA OTHOCHUTENHHO 3aMmeHbl (pyHKIuu G Ha MOOYI0 APYrylo (QyHKIMIO ¢ 1pu
YCJIOBMU BBITIOJIHEHUS BCEX MEPEYUCJIEHHBIX Bbime TpeboBanuii k G u g.

B urore mokazama

Teopema 2. ITycmo gynryuu G = G (uy,uz,u3) u g = g (u1, u2, ug) onpedessrom o0Ho u MO HCE MHO-
2006pasue P 6 npocmpancmee R (u1, us, uz) (cm. (13) u (15)) u, xpome mozo, 6 1060t moure MmHo2006pa-
sua P epaduenmor omuz dynkyull omavunvs om wyas (em. (14) u (16)). Kaace dynryui g, daa xomopoix
8oInoAHeHd, coommowerusa (15) u (16), obosnawum Kg. Toeda G u g ceasanv, coomnowenuem (17), 2de
© = ¢ (ug,us,u3) # 0 nu 6 00noti mouxe npocmpancmea R> (uy,uz,u3), a cucmemv, ypasrenuts (12) u
(18) ((18) noaywena uz (12) yrasanmvm sviue cnocobom) sk6UBLAEHMHKDL KAK CUCTIEMbL YPABHEHUT OM-
HOCUMEABHO NEPEMEHHBIT U1, Uz, U3 U UMEWM 00HY U My oce cmpykmypy — (18) noaywaemes us (12)
popmanvroti samernoti Gynruyut G, H uX na g = ¢ 'G, Hy = ¢ 'H u ¥ = ¢~ 1'% coomeemcmesenno. B
IMOM CMBICAE CUCTNEME PYHKUUOHANOHUE YpasHerul (12) omHocumesbHo HeU38eCTMHHLT U1, Uz, U3 UH-
BAPUAHMHA OMHOCUMEAbHO 3amenbl Gyrkyuu G, onpedesarowet] c6aA3b KOMNOHEHM U1, Uz, U3 6EKMOPA
cxopocmu, na a0byo Gynkyuto g us kaacca Kg.

AHayOrnYHBIM CBOWCTBOM MHBAPUAHTHOCTH ODJIAIAET U CHCTEMA YPaBHEHHIl, OMuChIBaomasd obIiee pe-
meHne ypasHeHWi n3obapuaeckmx TeueHuil panra 2 B mepemeHHbix Jlarpamxka (cmcrema, cocrosmasa w3

[EePBBIX TPeX ypaBHeHHit cucremsl (12)):

G (U]_,UQ,Ug) = 0’

Zﬁz’a—G_ = H (u1,u2,u3); (20)

0’G 0H
Y it =23 G = 5 (ur, us, ug) .
. &i&j Juidu; i:1§ ” (u1,us,us)

[MToxcranoska Beipaxkenns (17) gna G B ypasrernus (20) mocsie mpocThIx mpeodpa3oBaHWl TPUBOAUT K
cuCTeMe ypaBHEHHUil Jid g:

g (ula U2,U3) = 01

Zzzlfzg—?i :Hl (ul,u2,u;:,), (21)
3 3

&g OH,
”21%3 B 24y, D)

Hy = Hy (u1,ug,u3) = ¢ TH; 1 = 5y (u,ug,u3) = ¢ 1%,
cocrodiieil U3 mepBbIX Tpex ypaBHeHmii cucrembl (18). O6parHsbiit mepexox or ypasrenwmii (21) x (20)

OCyTIeCTBIIAeTCa TOACTAHOBKOM g = ¢~ L G B (21).
Takum 06pa3oM, CIpaBeIUB CIECIYIOMNA aHAJIOT TEOPEMBI 2.
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Teopema 3. I[lycmv ewnoanenv, 6ce ycaosus meopemvs 2 omuocumenvro gynryut G u g. Tozda
cucmema (20), onucwisarowasn 6 nepemennvir Jazpanoica obuee pewenue ypasrerull u3obapuueckur me-
wenull panea 2, U NOAYHAIULGACA U3 HEE ONUCAHHBIM 8ble cnocobom cucmema (21) sk6usaseHMHYL Kk
CuUCMeMbl YPasHEHUT OMHOCUMENLHO NEPEMEHHBT U1, Uz, ug. Cucmema (21) noayuaemes us (20) pop-
maavroti samenoti pymxuut G, H uX na g = ¢ 'G, Hy = ¢ 'H u 31 = ¢ '3 coomsememesenmo. B
IMOM CMBICAE CUCTNEME PYHKUUOHANOHUE YpasHenul (20) omHocumesbHO HeU38ECTIHHLT U1, Uz, U3 UH-
BAPUAGHMHAE OMHOCUMENLHO 3amenb, Gyrrkyuu G, onpedessroweli c6A3b KOMNOHERM U1, U2, U3 6EKMOPA
cropocmu, wa a0byo gynkyuro g € Kg (kaace pynryut Kg onpedeaen 6 ycaosuu meopemvi 2).

CBenenue o0iero ciydvasa K ciaydaio ogHoponabix G, H u 3. PaccMoTpuMm cieayroniyio napy
ypaBreruii cucremsl (12), HE comepKamMX ABHO MEPEMEHHBIX &;:

G (ul, uz, us) =0; (22)
Z (m : (23)

Mycrs P = {(u1,us,u3) : G (u1,u2,us3) = 0} — mosepxmocTs B mpocrpancree R? (ug,us, u3), onpememnse-
Mag ypasHeHueM (22) (puc. 1).
3ameuwanue 2. Purcupyem B cucreme (12)
dyuknuu G, H u ¥. Eciau B 3TOM Ciiydae Cy-
IIECTBYET JIWIIb AUCKPETHOE MHOXKECTBO TOYEK
(ugz),ugz),ugz)), t=1,2,3,..., noBepxuoctu P,
COOTBETCTBYIONIUX peIIeHuto cucreMsr (12),

g sto pemrerue panra 0. B ciydae, Korma MHOXKe-
creo {(u1,us,us)} Touex nosepxuocru P, coot-
BETCTBYIOIIEee PelieHuto cucreMsl (12), apagerca
HEKOTOPO# KpuBO# Ha P, — 3TO pelneHne paH-
ra 1. Tak Kak 3m€Cch PacCMaTPUBAIOTCA JIUIIb

A pelieHus paHra 2, TO MHOXKecTBO {(u1,us,us)}

1 TO4YEK MOBEepXHOCTH P, COOTBETCTBYIONIUX Pelie-

o b P HUIO, JIOJI?KHO OBITH [IBYMEPHBIM MHOIrooOpas3u-

% eM, T. €. HeKOTOpoil obsacTeio P, Ha P.

- Kpome Toro, kxax y»ke roBOPHJIOCH, OTpaHW-

u, 9HMCE PaccMOTpeHHeM Toff wacTh P, mosepx-

moctu P, B Kaxmoit Touke xoropoit VG # 0
(cm. (2)). B manbreitmem Gynem paccMaTpuBaTh
TONBKO obnacTs Pio = Py N Py Ha P u UMEeHHO
oty gacth P 06e3 pgajpHEHmnX OroBOPOK Oymem
Ha3BIBATH IOBEPXHOCTHIO P.

Puc. 1. K nokazarenbcTBy "KOHHYHOCTH" OBEPXHOCTH [Iycts A — mpousBoibHAs (GUKCHPOBAHHASL
P, onpenensemoii ypasmenmem (22) m yIOBIETBODPHEIO-  qoyka moBepxHOCTH P, OTjumYHAadg OT HAYAIA
weit coorromenuio (23): A € P — npou3BojibHASA TOIKA koopamEar O, a 7y = (u‘f, u?, u?) — OA4 — ee
nosepxHOCTH P, ornmmunas or O; 74 = OA — pagnyc- paguyc-BekTOp. Tak Kak COIVIACHO IPUHATOMY
BekTOp Touku A; | = (¥4, VG 4) — nuneiinas 060104~ yeaosuo VG # 0 na P, ypasmenue (23) o3Haqa-
Ka BeKTOpOB 74 & VGa; Yy =7, NP €T, 9TO BEKTOp 74 OpPTOroHasJeH BeKTOpy VG4
(VG4 — rpagment dbyskumuun G B Toure A):

74-VG 4 = 0. 3Ha9uUT, BEKTOD 74 NPUHAIJIEKHAT

KacaTeabHOl mrockocTu 14 moBepxHOocTH P B Touke A, a T4 COMEPKUT TPAMYTO [ 4, TPOXOAANIYIO Iepe3
rouku O mw A (T4 Clgy C Tx). Ob03HAIMM Yepe3 | IIIOCKOCTh, COMEPKANLYIO BEKTOPBI 74 1 VG 41 T =
= (F4, VG 4). Tonoxum v = w; N P. Tockonsky npamas [4 C Ta, o 4 = 7, NT4. CremoBarensuo,
l4 m 74 xacarorca KpuBoOii . B wactHOCTH, eciim 7 = 7 (t) — BEKTOpHO-apaMETPUIECKOE yPABHEHHE
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dr(t
KPHUBOIi 7y, TO KaCaTEIbHBIN BEKTOP ITOW KPUBOH B TOuKe A T4 = dfﬁ ) ‘A IPOIIOPIINOHAIEH BEKTOPY T'A:
dr(t)
Ty = = AgT, s € R. 24
A= g |, T A4Ta A4 (24)

[ycre A(t) — rexymas Touka xpusoit vy u 7(t) = 7y = OA (t) — ee paamyc-BekTop. Tak Kak
coorHowenue (23) BBIIONIHEHO B JI000# TOUKe mosepxHOCcTH P, TO OHO BhImONHEHO U B Touke A(t). Cie-
ZIOBATENIBHO,

F(t) . VGA(t) = FA(t) . VGA(t) =0. (25)

Owuesnnmo, 7(t) C 7 . Orcioma n u3 (25) BeITexaet, uaro 7 (t) = 74y C w1 N Ty, Te Tyy) — KacaTems-
. . dr (t) )

Has IUIOCKOCTH mosepxHocTu P B Touke A(t). 3maunt, KacareabHbi BeKTOD T () = 5 KpuBolt 7 B

Touxke A(t), Taxyke mpuHaIexKamuit mepecedenuto 7| M7y, TPONIOPIHORATEH BEKTOPY 7 (t), T. €. mMeeT
MecTo 0600mmenue coorHoueHus (24)

T(t) = =A(t)7(t), (26)

7 (t) = rpe’o , Tp = const. (27)

Ypasuenne (27) — 3T0 ypaBHEHHE TPAMOI, MpoxoAameil Yepe3 Hauaao koopauaar O u UMeIeld Hampas-
ngomuii BeKTop 7y. B kauwecrse ty mMoxkuHO B3arTh mapamerp t4 Ttoukm A. Torma B (27) Oymer 7y = T4.
DT0 O3HAYAET, YTO KpUBad 7y B JEHCTBATENBbHOCTH SBJILETCA OTPe3KOM mpamoit [4 (cm. pumc. 1). Tax
kak A — mpousBoJIbHAA TOYKA, NMpUHAJJEXKamas P, OTComa ciejayer, 4TO MOBEPXHOCTb P jiexxuT Ha
nuHe#yaToll (TouHee KOHWYECKOM) moBepxHOCTH K, 00pa3yomuMu KOTOPOW ABISIOTCA MpaMble [4 i
BCeBO3MOXKHBIX TOouek A € P. B kauecrBe Hampasisromeil koHyca K MOXKHO B34Tb HOPMaJbHOE (OpPTO-
FOHAJILHOE) CEeYEeHHUe 7 MOBEPXHOCTH P IJIOCKOCTBIO 7, Mpoxoasiel depe3 Touky A m OpTOroHAJbHO
BEKTODPY T4 = (u‘f,u?,ug‘) (puc. 2).
YpaBHEHUE IJIOCKOCTH T UMeEeT BHU]T

F = F (u1,ug,u3) = (w1 — uf) uft + (ug — u‘24) uf + (us — u?) uf =0, (28)

us

U

0 uy

Puc. 2. vy; — Hanpasigiomas KOHHIECKOH moBepxHocTH K: A € 3 = NP, wLF; Fa = OZ, A= (uf,u;‘,ug‘)
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rae w1, U2, U3 — KOODAUHATHI TekyIieid Touku Ha w. [losTomy, 4TOOBI 3a7aTh KOHKDETHYIO MapaMer-
PHU3aIHI0 Ha 71, JOCTATOYHO PEMIATH OTHOCHTEILHO KaKO#-1mbOo Imaphl HEM3BECTHBIX U;, Uj CJIEAYIONLYIO
CHCTEeMY YPaBHEHHIl, OIPEeIeSIAONIYI0 KPUBYIO 1!

G (U]_, uz, U3) = 0’ (29)
= [],

F (ula U2,U3)

rae F — dbyskmnua (28). CormacHo yciaoBuio 74 # 0, VG4 # 0 n 4L VGy. [lostomy |74 X VG 4| =
= |Fa| [VG 4| sing # 0. CiemoBaTenbHO,

" - 0G (A dG (A
Fax VO =|ul uf :Z(ug O, 00] )>_
0G (A) 0G(A) 0G(A) 3 2
8u1 8u2 8u3
> G (A) 0G (A) = dG (A) G (4) -
o A A AV L) AV A
J <u1 9us u3 u + k[ ug 4y uj 9u; # 0. (30)

BuauuTt, x0T Ob1 OgHA M3 KOMIOHEHT BekTopa (30) ornmuna or myaa. IlycTe aas onpeneneHHOCTH HE
paBHA HYJIO TPeThd KOMIIOHEHTA:

oc ) oo | 22W) 96(4) —aaG —SG

A A _| o 9 _ | Our Oup

“ o e, | o ™ Bl oF o | 70 (31)
Uy Ug

Ouy duy |4

B cumy (31) cucrema (29) mokanbro (B HEKOTOPOil OKpEeCTHOCTH TOYKHM A) OJHO3HAYHO PAa3peruma OTHO-
CATENHHO U1 | Usz:

up = ¢ (uz); w2 = f(u3). (32)

CueoBaTeIbHO, B 9TOM CIIy9dae B KaUeCTBE JOKAJIHLHOTO TapaMeTpa Ha 7y; B OKPECTHOCTH TOYKH A MOXKHO
B3ATh NMEPEMEHHYIO U3, & CaMa 7] B 9TOH OKPECTHOCTU MOXKET ObITh 3ajaHa ypasHeHuamu (32). Anaso-
IUYHO, B CJy9ae OTJIMIWs OT HyJid mepBoii (BTopoii) kommorenTs BekTopa (30) B Ka4ecTBe JIOKAJIBHOTO
mapaMerpa Ha Y] B OKPECTHOCTH TOYKU A MOMKHO B34Tb IEPEMEHHYIO U1 (COOTBETCTBEHHO U2).

[Ipenpiayinme paccyKaeHus JTOKA3BIBAIOT CIIPABEJINBOCTD CJIEIYIONIETO YTBEPIKICHUA.

IIpennoxenne 1. Ecau 6 npocmpancmee R3 (u1, uz, ug) noseprrnocms P, 3adannasn ypasnernuem (22),
ydosaemeopsem coommuowenuto (23) u 6 Kkascdol mouke 3Motl NOGEPTHOCMU BHINONHEHO HEPABEHCTMEO
VG # 0, mo P npedcmasasem coboti obracme na xoruseckoti noseprnocmu K, eepuiuna komopot cos-
nadaem ¢ Hauarom xkoopduram O.

ITockospky B maHHON paboTe paccMaTPUBAETCA 3aa9a JIOKAJbHOW KiacCcupuKamum u300apUIecKux
TedeHuil, TO 6e3 orpaHnYeHus OOIIHOCTH (HOBEPHYB IpH HEOOXOJMMOCTHU CHCTEMY KOODIMHAT BOKDYT €€
HAYaJa) MOXKHO CUIMTATh, 9TO B paccMaTpuBaeMoil obiactu Teuenus ug # 0. B Takom ciydae ypasnenme
COOTBETCTBYIOLIEN dacTu JII0O0H KOHMYECKOH MOBEPXHOCTU C BEPUIMHOW B Hadaje koopawHar (O MOKeT

OBITH 3aIIMCAHO B BHUIE
F (ﬂ, %> = 0. (33)
us us

ITycte P w K — nosepxuoctu u3 I[Ipegyoxkenms 1, a (33) — ypasmenne komyca K. Torma ypasme-
ausa F (ug,u2) = 0, ug = 1 onpemensior HAIPABIMIONLYI0 KPUBYIO KOHWYECKON moBepxuOcTH K, jexa-
myto B mIOCKocTd uz = 1. Tak Kak BCe paCCMOTpEHHUdA 371eCh JOKAJbHBI, a BCe KPUBBIE W (DYHKIUH —
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rJIaJIKue, TO, He OUPAHUINBAs OOIIHOCTH, CINTAEM, ITO BBIIOJIHEHO HepaBeHCTBO V F' (uq,usg)] Fuiuz)=0 =
Uuz)=

8F(u1,u2)7 8F(u1,u2)7
( 8u1 e (9’LL2 J

VF (“1, “2)
us us

# (0. B takom ciyuae
F(u1,u2)=0

1 1 1 -
v (i) =wn (i) T am () - [an (0 3) rem (322
us us us us us us us us u3 us us us us
OF (A1, A OF (A1, A
Fl ()\1,)\2) = 59)\11 2), F2 ()\1,)\2) = #

Takum obpazoM, JIOKAJIBLHO, T. €. Ha paccMaTpuBaemMoit 9actu P KoHm4Ieckoit moBepxHOCTH K, BHITTOJIHEHBI
CJIeYIOITEe COOTHOIIEHM:

P = {(u1,u2,u3) : G (u1,uz,u3) =0} = {(ul,uz,ug) : F (—, —) = } ; (35)

VG (u1,us,u3)|p # 0; VF(Ul %>

uz ug

#0.
P

B cuiy BeinosHenus coorromeruii (35) u3 TeopeMsl 2 HEIOCPEACTBEHHO CJIELyeT
IIpennoxkenue 2. Moowcho cuumamsb, umo 6 cucmeme ypasnenutl (12) dynkyua G asasemecs o0-
o o ’LLl U
HopodHoll pynryueti cmenenu odnopodnocmu 0, m. e. G (u1,u2,u3) = F —= |, ede F 8 obuwem
ug’ us
CAYHAE — NPOUBBOALHAA 2A00KAA PYHKUUA, YO0BAEMBOPAIWLAA HepaseHemsY (34).

Cnenosarenpro, BMecTo (12) MOXKHO wmWCCIemOBaTHL IKBUBAJEHTHYIO eii cucremy (18), B kOTODOI

U U2
g (ul, us, U3) =F —, — |, HJIX CPa3y OrpaHUYUTHCA PaCCMOTpEeHNEM CUCTEM (12) C OTHOPOAHBIMNI d)yHK—
u3z u3

nusivu G. Tlo 9Toit mpudnHe coxpaHuM npexkHUE 0003HAYEHUs U BCIOAY B JajbHeReM OyIeM CIuTaTh,

gro B cucreme (12) G — ommopommas dynkmusa creneru oguopomuoctu 0. B srom cayuae werseproe
3

oG
ypaBrernue cucremb (12) g u;—— = 0 BBIIOJIHAETCA TOXKIECTBEHHO B CHJIY TeOpeMbl Dilzepa 00 0HO-
W
i=1 !
: 9°G
pomHBIX DYHKINAX, & TOKAECTBEHHOE BBIIOJHEHNE IIATOr0 YPABHEHUA ITOH CUCTEMBI E Uilj W =0
u;Ouj

i,j=1
noka3aHo pasee (cm. (7)).
Takum obpasom, B mpezmnosoxenun oguopomuoctu G cucrema (12) sKBUBaJIEHTHA CHCTEME, COCTOAIIEH
U3 9eThIpeX ypaBHEHUMH:

G (U]_, uz, U3) = 0’

Z@au, H (uy, uz, us)

9*G OH _
Zézéga B Zfz = 2 (ur, up, u3) (36)
3

%G
m,z:l& J@uzauj ; Ouz

Haunee paccmarpusaercsa Bonpoc 06 ynpomerun cuctems (36) u, Kpome ogHOPOAHOCTH G, IPEIIOIaraeTcs,
YTO BBITIOJHEHO HEPABEHCTBO

VGlg_q #0. (37)
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U3 opmoponuocTr dyrknunn G u BTOPOro ypaBHEHUS CHCTEMSI (36) JIErKO BHIBOSUTCS CIIELYIOIEe ypaB-
nenwe (cm. (8)):

9°G
Zg,u]a ou; TH=0

,j=1

Orcroma u U3 mocienHero ypaBHeHHs cucTeMbl (36) moiydaeM ypaBHEHHe, COIEepIKallee TOJNbKO (hyHK-

muio H:
3

> u ZH+H_0 (38)

u
i=1 ¢

Pasenctso (38) mO/IKHO BBIIONHATHCA HA KaXKJAOM pemieHnm cucTeMbl (36), MOCKOIbKY OHO ABJISETCA €€
crexcreueM. B uactrOCcTH, (38) cmpaBemmmBo msig Bcex TO4eK (up,usg,us) obmactu P HA KOHHYECKOI
nosBepxaocTH K¢ = {(u1,u2,us3) : G (u1,u2,u3) = 0} (cMm. 3amevanue 2).

U3 semonaenus (38) na mosepxuaocrn P u mepasencrsa VG|p # 0 (em. (37)) crexyer, aro

Zuz +H ¢G, = (ur,uz,uz), (39)

rje ¢ — HeKoTopad rnagkad dyaknua. [Ipu 3amannoit G dukcupyem ¢ B coornomenun (39). Torma (39)
MOXKHO paccMaTpuBaTh Kak muddepennuanbroe ypasaenne nna dbyakmun H. Haiigzem pemerus 3Toro
yDaBHEHUs, NMEOIIUe BH/]

Hy =9G, ¢ =1 (u1,u,u3). (40)
el
[loncrasnasa seipaxenue (40) nma H B (39) u yuuTeiBag, 91O Zul = 0u G # 0, mpuxogum K
Usj
i=1
CIIeIyIOmeMy YpPABHEHUIO I 1)
3 8¢
Y uiz—+ =0 (41)
=1 8u7’

Taxum obpasom, ajs aoboro pemenus Y ypasaenus (41) dbyrxnus (40) asBiserca pemenueMm ypas-
uerng (39). OOmiee pemenne ypasHenus (41) mpu 3agaHHON (DYHKIMH (0 JIETKO HAXOAUTCI METOIOM
XapakTepucTuK [9]:

Inug
1 Ul U2 Uy . U2
Y (ur,ug,us) = — [eo | —,— | + e’y e, —e’,e" | dr
us us us o U3 US

[ycrs Hy = G — mexoropoe pemenue ypasuenus (39), a H; — moboe apyroe pemerme TOro xe
ypasuenuga. Torma pasuocts AH = Hy — G ynosuaeTBopseT audepeHnaIbHOMy yPaBHEHIO

3
Zui(aaA—HvtAH:O (42)

Usg

U, CJIEIOBATEILHO, SABJISETCA OJHOPOMHON (hbyHKIMEN cTeneHn OMHOPOAHOCTH — 1.

Takum obpazom, crpaBeIInBO

IIpennoxkenue 3. Ecau cucmema PyHKyuonasvror ypasuenut (36) omnocumesvro nepemeHHviT uy,
U2, U3 uMeem pewerue parea 2, mo gyuryus H moorcem 6vimsd npedecmasaena 8 sude cymmo

H = AH + ¢G, (43)

2de AH — odnopodnas eaadkas yrryus cmenenu 00nopodnocmu —1, 1 — nexomopas 2aa0kas GYHKYGUS.
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dAcuo, uTo dpopmyna (43) maer obiee pemenue ypasuenus (39), ecan ) — Kakoe-1ub0 (PUKCHPOBAHHOE
pemrenwe ypasuenus (41), a AH — npousBosnbroe pemenne ypasaenus (42). IToxcrasiasa seipaxenne (43)
s H B ypasaenus cucremsr (36), mocsie npoctbix npeobpasoBanmii ¢ yaerom ogaopogaoctu Gyrkmmit G
n AH npuxoguMm K 3KBHBaJIEHTHOl cucTreMe ypaBHeHui ¢ ¢pynkmueir AH:

G (ula uz, U3) = 01

Zélau, = AH (uj,uz,us);

>, OAH
Zézéga 6‘ -2) ¢ Su L (w1, u2,u3); (44)
i—1

u
,Jl !

Z élu]a au] + AH = 07
i,j=1

Y1 =% (ur,u,u3) =X +2¢AH; AH = AH (uy,us,u3) = H— 9YG.
U3 opmoponuoctu crenernn 0 dyHkuum G JIErKO CIeAyeT TOXKIECTBO (CM. HAYaIO pasmi. 3)

3

oG 9%G
Zéz +Z§”8 B = 0. (45)

U3 (45) u Broporo ypasHeHus cucrems! (44) HEIOCPEICTBEHHO BBITEKAET PABEHCTBO

Zgzuja a -+ AH =0,

,j=1

COBIAJIAIOIIEe C YeTBEPTHIM ypaBHeHumeM cucreMmsbl (44). Takum obpasom, gerBeproe ypasHeHue B (44)
SABJIAETCA CJIEJCTBUEM OJHOpOmHOCTH G U BTOPOrO ypaBHEHHUd 3TOH ke cucreMbl. Ciie0BaTENbHO, CUCTE-
a (44) (a, 3sHaunuT, u cucrema (36)) sKBUBAJEHTHA CHCTEME, COCTOAIIEH U3 TPEX ypaBHEHWIA:

G (’U,]_,’U,Q,’U,3> = 07

oG
Z&Z% =AH (Ul,UQ,U?,);

0AH
Zfzfga 8 Zfz . Z1 (w1, u2,u3);

i,j=1
Y =3 (ur,ug,u3) =X+ 2¢0AH; AH = AH (uj,uz,u3) = H —¢G,

B KOTOPOil Y1 — OmHOpOmHAA (DYHKIWH CTEIeHW OZHOPOAHOCTH —2. BepHyBmmCH K mpekHUM 0003HA-
yenuam (obosmauns AH cumBosom H, a ¥; — cumBonoMm X)), mepenuireM cucremy (46) B ciexyrorem
BHJIE:

G (’U,]_,’U,Q,’U,3> = 07

Z&Z Ou: ’U,]_,U,2,U3); (47)
6H

Z 51513 3 Zfz - = ¥ (u1, uz,u3),

i,j=1

rne G, H, ¥ — oguoponuble pyHKIuU creneneir oqnopogaoctu 0, —1, —2 cOOTBETCTBEHHO.

— 59 —



B. E. Illemapyana

Crnenyer ormernthb, 9TO cucreMma (47) coBmamaer ¢ cucremoii (11), KoTopas SKBHBAJIEHTHA HCXOMHOI
cucreme ypasuaennit (4) (cucreme (12)), xorga G, H u ¥ — ogrOpOnHBIE (DYHKIUE CTENEHEH OZHOPOAHOCTH
0, —1 u —2 coOTBETCTBEHHO.

CorylacHO TPEJJIOKEHNI0 2 W HEIOCPECTBEHHO CJIEAYIONEMy 3a HUM TEKCTy HCxomHasa cucrema (12)
9KBHBaJIeHTHA cucreMe Bua (36) ¢ HeKoTOpOil omHOponHO# (yHKumel (. 3HAYUT, B CHIY TOIBKO UTO
nokazaHHOTrO cucrema (12) sKBUBaIEHTHA TaKKe HEKOTOPO# cucreme Buga (47), B KOTOPOI OHOPOIHBI yiKe
Tpu pyrkun: G, H u ¥.. Pazymeercs, 3KBUBaJIEHTHOCTD 9TUX CUCTEM IIOHUMAETCS B CMBICJIE COBIAJICHUS
MHOXKECTB UX perneHuil (ui, ugz, ug) panra 2 (pyskmun G, H u ¥ 1ag KaxKI0i U3 9TUX CHCTEM CBOH).

[TomyueHnsIit pe3yabTaT BBUAY €r0 BaXKHOCTH CHOPMYIUPYEM B BHJIE OTAETBHOTO YTBEDPKICHUS.

Teopema 4. Jlobas cucmema Pynkyuorasvror ypasrerutd (12), neasno onucwuarouas usobapuiecrue
MpeTMepHble CMAYUOHAPHYIE MeYeHUs PaHaa 2 udearbroli HECHCUMAEMOT HCUIKOCMU, IKBUBAAEHMHA
cucmeme suda (47) ¢ nexkomopvimu 00Hopodrvimu Pynryusmu G, H u 3 (8 obwem caywae omauunovlmu
om G, H uX 6 (12)) cmenenet odnopodnocmu 0, —1 u —2 coomeemcmeerho. IKBUBAAEHMHOCTNG IMUT
CUCTMEM 03HAMAEM COBNAEHUE MHONCECME UT Pewenull (u1, uz, us), umerwur pare 2.

Takum obpazom, perenne 3ama49n 00 OMUCAHUT W300aPUIECKUX TPEXMEPHBIX CTAIMOHAPHBIX ITBONHBIX
BOJIH B ODIIEM CIIydae CBEJEHO K PEIICHWIO 3a7a9d O HaXOXKJEHWH pelneHuil panra 2 cucrem (47) (cu-
crem (11)) ¢ ognoponusivMu dyukmuamu G, H u 3.

Cormacuo teopeme 1 mna dysknuit G, H u ¥ ¢ maHEBIME CBOWCTBaMu omHOpoxHOCTH cucrema (11)
9KBUBAJIEHTHA UCXOAHON cucreme ypasreruii (12). [TosTomy mpm ommcannm MHOXKeCTBa M300apPUIECKUX
CTAIMOHADHBIX TEYEHWUil paHra 2 MOXKHO CHOBAa BEPHYTBHCA K pelneHuio cucreM Buza (12), cpady mpeamo-
marad, uro G, H u ¥ — ogHoponubie ¢pyHKIuU creneneir omaopogaoctu 0, —1 u —2.

3akJrouyeHue

[Ipomonzkeno u3ydenue CTPyKTypbl n300apUIECKUX TEUEHNH UIeATbHON HeCcxKnMaeMol kuakoctu. V3o-
bGapudeckue TedeHUd paHra | — AByMepHbIE HECTAMOHAPHBIE U TPEXMEPHBIE CTAIMOHAPHbBIE — UCCIEI0BA~
HBI B pabore [1|. B Hacrosmeii pabore, cocrosiieii u3 ABYX dacTeii, HCCIAELYETCS CTPYKTYPa TPEXMEPHBIX
CTAIMOHAPHBIX U300apUIECKUX TedeHwil paura 2. B mamHOll dacTm mpoaHan3upoBaHA cucTeMa (PyHK-
MOHAJIbHBIX YPaBHEHUH, HEABHO OIPeNesdioniasd pacCMaTpUBaeMble TEUeHUd, COfeprKallad TPHU IPOU3-
BosbHBIE rnankue pyukmun G, H, 3 oT Tpex KOMIOHEHT BeKTOpa CKopocTu. JlokazaHo, 4To 3Ta cucrema
penynmpyercd K aHAJOTHIHON SKBUBAJIEHTHON CUCTEME C IVIQJKUMU ONHOPOAHBIMU (yHKIuAMU ¢, h, o
cremeneit ognopomuoctu 0, —1 m —2, coorBercTBeHHO. BoO BTOpOi WacTu Gymer MOKa3aHO, UTO pelile-
HUA PEIyIUPOBAHHON CHCTEMBI HMEIOT HECTIOXKHYIO TeOMETPUIECKYIO CTPYKTYPY, U JTaHO ABHOE ONHNCAHTE
MHOT000pa3us JIOKAJbHBIX PEIIeHnu 3TOM CHCTEMBI.
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THE STRUCTURE OF 3D STATIONARY ISOBARIC DUAL WAVES IN AN IDEAL
INCOMPRESSIBLE FLUID. PART 1. REDUCTION OF THE GOVERNING EQUATION
SYSTEM / V. E. Shemarulin (FSUE "RFNC-VNIIEF", Sarov, Nizhny Novgorod region).

A set of non-trivial isobaric flows falls into two classes: simple waves and dual waves.
In the previous paperl the author comprehensively described the structure of simple waves
(2D nonstationary waves and 3D stationary waves). The present paper consisting of 2
parts describes the structure of 3D stationary isobaric dual waves. In Part 1 of the paper
a governing system of functional equations implicitly defining isobaric 3D stationary dual
waves is reduced to an equivalent system, which is more convenient for studying. In the next
part, it will be shown that the reduced equation system solutions have a simple geometric
structure and a variety of local solutions to the system (the main structural components,
which assemblies represent all dual waves considered here) will be explicitly described.

Keywords: isobaric flows, 3D stationary dual waves, a governing system of functional
equations, a reduced system.




