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ÓÄÊ 517.9+519.6+533ÏÐÈÌÅÍÅÍÈÅ ÂÀÐÈÀÖÈÎÍÍÛÕ ÏÐÈÍÖÈÏÎÂ ÌÅÕÀÍÈÊÈÄËß ÏÎÑÒÐÎÅÍÈß ÄÈÑÊÐÅÒÍÛÕ ÏÎ ÂÐÅÌÅÍÈÐÀÇÍÎÑÒÍÛÕ ÌÎÄÅËÅÉ ÃÀÇÎÄÈÍÀÌÈÊÈ.8. ÑÎÕÐÀÍÅÍÈÅ ÔÀÇÎÂÎÃÎ ÎÁÚÅÌÀ È ÊÀÍÎÍÈ×ÍÎÑÒÈÂ ÍÅßÂÍÛÕ ÊÎÍÅ×ÍÎ-ÐÀÇÍÎÑÒÍÛÕ ÑÕÅÌÀÕÞ. À. Áîíäàðåíêî(ÐÔßÖ-ÂÍÈÈÝÔ)Äîêàçûâàåòñÿ ñîõðàíåíèå ôàçîâîãî îáúåìà è êàíîíè÷íîñòè (ãàìèëüòîíîâîñòè) âêîíå÷íî-ðàçíîñòíûõ ñõåìàõ ëàãðàíæåâîé ãàçîâîé äèíàìèêè, ïîñòðîåííûõ ïîñëåäîâà-òåëüíûì âàðèàöèîííûì ìåòîäîì, èñïîëüçóþùèì äèñêðåòíóþ ïî âðåìåíè è ïðîñòðàí-ñòâó ôîðìóëèðîâêó ïðèíöèïà íàèìåíüøåãî äåéñòâèÿ Ãàìèëüòîíà�Îñòðîãðàäñêîãî.Ïðèâåäåí ïðèìåð êîíå÷íî-ðàçíîñòíûõ ñõåì, êîòîðûå íå óäàåòñÿ ïîñòðîèòü ïîñëåäî-âàòåëüíûì âàðèàöèîííûì ìåòîäîì è â êîòîðûõ äëÿ ïðîèçâîëüíîãî ïåðåìåííîãî øàãàïî âðåìåíè ïðè ëþáîì ñïîñîáå âûáîðà ñêðûòûõ îáîáùåííûõ êîîðäèíàò è ñêðûòûõîáîáùåííûõ èìïóëüñîâ íå ñîõðàíÿåòñÿ ôàçîâûé îáúåì è òåì ñàìûì íå ñîõðàíÿåòñÿêàíîíè÷íîñòü.Êëþ÷åâûå ñëîâà: ëàãðàíæåâà ãàçîâàÿ äèíàìèêà, ïðèíöèï íàèìåíüøåãî äåéñòâèÿ,âàðèàöèîííûå ðàçíîñòíûå ñõåìû, íåÿâíûå ðàçíîñòíûå ñõåìû, ñõåìû ñ âåñàìè, ïåðå-ìåííûé øàã ïî âðåìåíè, ôàçîâûé îáúåì, êàíîíè÷íîñòü, ñêðûòûå ïåðåìåííûå.ÂâåäåíèåÍàñòîÿùàÿ ðàáîòà ÿâëÿåòñÿ íåïîñðåäñòâåííûì ïðîäîëæåíèåì ðàáîòû [1] è ïîñâÿùåíà èçó÷åíèþñâîéñòâ ñîõðàíåíèÿ êàíîíè÷íîñòè è ôàçîâîãî îáúåìà â íåÿâíûõ êîíå÷íî-ðàçíîñòíûõ ñõåìàõ ãàçî-âîé äèíàìèêè â ïåðåìåííûõ Ëàãðàíæà (äàííàÿ ðàáîòà ñîñòàâëÿåò ñ [1] åäèíîå öåëîå è ðàçäåëåíàíà äâå ñòàòüè òîëüêî èç-çà îãðàíè÷åíèé ïî îáúåìó). Îñíîâíîå âíèìàíèå óäåëÿåòñÿ ñðàâíèòåëü-íîìó èçó÷åíèþ íåÿâíûõ êîíå÷íî-ðàçíîñòíûõ ñõåì, ïîñòðîåííûõ ïîñëåäîâàòåëüíûì âàðèàöèîííûììåòîäîì [2, 3], è áîëåå òðàäèöèîííûõ êîíñòðóêöèé, èìåþùèõ âòîðîé ïîðÿäîê àïïðîêñèìàöèè ïîâðåìåíè.Ïîñëåäîâàòåëüíûé âàðèàöèîííûé ìåòîä [2] îñíîâàí íà èñïîëüçîâàíèè äèñêðåòíîé îäíîâðåìåííîïî âðåìåíè è ïðîñòðàíñòâó àïïðîêñèìàöèè ôóíêöèîíàëà äåéñòâèÿ ñïëîøíîé ñðåäû [4]; âû÷èñëåíèåóñëîâèé ñòàöèîíàðíîñòè òàêîãî êîíå÷íîìåðíîãî ôóíêöèîíàëà ïðèâîäèò ñðàçó ê êîíå÷íî-ðàçíîñòíûìñõåìàì. Ýòî îòëè÷àåò ìåòîä [2] îò âàðèàöèîííîãî ïîäõîäà, ïðåäëîæåííîãî â [5], â êîòîðîì èñ-ïîëüçóþòñÿ äèñêðåòíûå àíàëîãè ôóíêöèîíàëà äåéñòâèÿ â íåïðåðûâíîì âðåìåíè äëÿ ïîñòðîåíèÿäèôôåðåíöèàëüíî-ðàçíîñòíûõ ñõåì, à êîíå÷íî-ðàçíîñòíûå ñõåìû ñòðîÿòñÿ çàòåì íà îñíîâå ïðèíöè-ïà ïîëíîé êîíñåðâàòèâíîñòè.Îòëè÷èòåëüíàÿ îñîáåííîñòü íåÿâíûõ âàðèàöèîííûõ ñõåì ñîñòîèò â òîì, ÷òî ïîñëåäîâàòåëüíûéâàðèàöèîííûé ìåòîä ïðèâîäèò â êîíå÷íî-ðàçíîñòíîì óðàâíåíèè äëÿ ñêîðîñòè ê íåñòàíäàðòíûì êî-ýôôèöèåíòàì, êîòîðûå çàâèñÿò îò õàðàêòåðà ïåðåìåííîñòè øàãà ïî âðåìåíè. Ïðè ïåðåìåííîì øàãåïî âðåìåíè íå óäàëîñü íàéòè òàêèõ êîíñòðóêöèé äèñêðåòíîãî ôóíêöèîíàëà äåéñòâèÿ, êîòîðûå ïðè-âîäèëè áû ê íåÿâíîìó óðàâíåíèþ äëÿ ñêîðîñòè ñ ïîñòîÿííûì âåñîì � = 1=2. Â [3] äîêàçàíî, ÷òîâ ìíîãîìåðíûõ êîíå÷íî-ðàçíîñòíûõ ñõåìàõ, êîòîðûå ïîñòðîåíû ïîñëåäîâàòåëüíûì âàðèàöèîííûì� 3 �



Þ. À. Áîíäàðåíêîìåòîäîì, ïðè èíâàðèàíòíîñòè äåéñòâèÿ îòíîñèòåëüíî âðàùåíèé âûïîëíåí çàêîí ñîõðàíåíèÿ ìîìåí-òà êîëè÷åñòâà äâèæåíèÿ. Â òî æå âðåìÿ íåÿâíàÿ êîíå÷íî-ðàçíîñòíàÿ ñõåìà ñ ïîñòîÿííûì âåñîì� = 1=2 ïðè ïðîèçâîëüíî ïåðåìåííîì øàãå ïî âðåìåíè íàðóøàåò ýòîò çàêîí ñîõðàíåíèÿ. Íî ýòîíè÷åãî íå îáúÿñíÿåò â îäíîìåðíîì ñëó÷àå.Ñîäåðæàíèå äàííîé ðàáîòû � èçó÷åíèå ñâîéñòâ ñîõðàíåíèÿ êàíîíè÷íîñòè è ôàçîâîãî îáúåìà.Íàïîìíèì èõ ñìûñë [6, 7, 1]. Îïðåäåëÿþùåé õàðàêòåðèñòèêîé ãàìèëüòîíîâûõ ñèñòåì dqkdt = @H@pk ,dpkdt = � @H@qk , k = 1; : : : ;K, ÿâëÿåòñÿ êàíîíè÷íîñòü ôàçîâîãî ïîòîêà �q(1); p(1)� 7! �q �t; q(1); p(1)�;p �t; q(1); p(1)��, ò. å. ñîõðàíåíèå ñèìïëåêòè÷åñêîé ñòðóêòóðû !2 = dp^dq. Îòîáðàæåíèå g :�q(1); p(1)� 7!7! �q(2) �q(1); p(1)� ; p(2) �q(1); p(1)�� áóäåò êàíîíè÷åñêèì òîãäà è òîëüêî òîãäà, êîãäà ìàòðèöà ßêîáèG = @ �q(2); p(2)�@ �q(1); p(1)� óäîâëåòâîðÿåò ðàâåíñòâóGT Æ J ÆG = J; J = 0@ 0 �II 0 1A : (1)Ýòî ðàâåíñòâî èñïîëüçóåòñÿ â êà÷åñòâå îïðåäåëåíèÿ êàíîíè÷íîñòè [7], òàêèå ìàòðèöû íàçûâàþòñÿñèìïëåêòè÷åñêèìè. Èç (1) ñëåäóåò ñîõðàíåíèå ôàçîâîãî îáúåìà (òåîðåìà Ëèóâèëëÿ), ýêâèâàëåíòíîåðàâåíñòâó det (G) = D �q(2); p(2)�D �q(1); p(1)� = 1.Âñå èñïîëüçóåìûå â òåêñòå ôóíêöèè ïðåäïîëàãàþòñÿ äîñòàòî÷íî ãëàäêèìè (èìåþò ñòîëüêî íåïðå-ðûâíûõ ïðîèçâîäíûõ, ñêîëüêî ýòî íåîáõîäèìî ïî õîäó âû÷èñëåíèé) áåç äîïîëíèòåëüíûõ óòî÷íåíèé.Øàãè ïî âðåìåíè âñåãäà ïðåäïîëàãàþòñÿ îãðàíè÷åííûìè ñâåðõó íåêîòîðûìè çíà÷åíèÿìè, êîòîðûåîáåñïå÷èâàþò ðàçðåøèìîñòü íåÿâíûõ ðàçíîñòíûõ óðàâíåíèé è ñóùåñòâîâàíèå âñòðå÷àþùèõñÿ ïîõîäó èçëîæåíèÿ îáðàòíûõ îïåðàòîðîâ. Ïðåäïîëàãàåòñÿ, ÷òî â êîíå÷íî-ðàçíîñòíûõ óðàâíåíèÿõ äëÿñêîðîñòè îòñóòñòâóþò âÿçêèå è èíûå äèññèïàòèâíûå è íåêîíñåðâàòèâíûå ñèëû. Êîíå÷íî-ðàçíîñòíûåóðàâíåíèÿ äëÿ âíóòðåííåé ýíåðãèè íå ðàññìàòðèâàþòñÿ, âìåñòî íèõ ñ÷èòàåòñÿ, ÷òî çàäàíà ÿâíî çà-âèñèìîñòü ýíòðîïèè îò âðåìåíè è íîìåðà ÿ÷åéêè � èìåííî ýòî èñïîëüçóåòñÿ â ñòàíäàðòíûõ ôîðìó-ëèðîâêàõ ïðèíöèïà íàèìåíüøåãî äåéñòâèÿ äëÿ ñïëîøíûõ ñðåä [4].Â òåêñòå èñïîëüçóþòñÿ ïîíÿòèÿ è îáîçíà÷åíèÿ, ââåäåííûå â ïðåäûäóùåé ðàáîòå [1].1. Ñîõðàíåíèå êàíîíè÷íîñòè è ôàçîâîãî îáúåìà â íåÿâíûõ êîíå÷íî-ðàçíîñòíûõ ñõåìàõñ ïîñòîÿííûì âåñîì, ïîñòðîåííûõ ïîñëåäîâàòåëüíûì âàðèàöèîííûì ìåòîäîìÎïðåäåëèì ëàãðàíæåâó ðàçíîñòíóþ ñåòêó êàê ñîâîêóïíîñòü óçëîâ ñåòêè ñ ìíîæåñòâîì íîìåðîâÓ = fg, ñ êîîðäèíàòàìè ~Z = n~Z :  2 Óo è ñêîðîñòÿìè ~U = n~U :  2 Óo è ñîâîêóïíîñòü ÿ÷ååêß = f�g, âåðøèíû êîòîðûõ ÿâëÿþòñÿ óçëàìè ñåòêè. Â ÿ÷åéêàõ � 2 ß îïðåäåëåíû òåðìîäèíàìè÷å-ñêèå âåëè÷èíû: ïëîòíîñòü ��, óäåëüíûé îáúåì �� = 1=��, ýíòðîïèÿ åäèíèöû ìàññû H�, âíóòðåííÿÿýíåðãèÿ åäèíèöû ìàññû e� è äàâëåíèå p�; ñîîòâåòñòâóþùèå ñåòî÷íûå ôóíêöèè ïðèíàäëåæàò ïðî-ñòðàíñòâó ñåòî÷íûõ ôóíêöèé Hß. Äëÿ ñåòî÷íûõ ôóíêöèé òèïà êîîðäèíàò è ñêîðîñòåé, îáðàçóþ-ùèõ ïðîñòðàíñòâî ñåòî÷íûõ ôóíêöèé HÓ, íàðàâíå ñ âåêòîðíûìè îáîçíà÷åíèÿìè (ñî "ñòðåëêàìè")áóäåì èñïîëüçîâàòü ñêàëÿðíûå îáîçíà÷åíèÿ (áåç "ñòðåëîê"), òîãäà âñå êîîðäèíàòû âñåõ óçëîâ ñåòêè,ò. å. âñå ñòåïåíè ñâîáîäû, íóìåðóåì îò 1 äî K:~Zn = n~Zn :  2 Óo = Zn = fZnk : k 2 Óg 2 HÓ; k = 1; 2; : : : ;K:Â ïðîñòðàíñòâàõ ñåòî÷íûõ ôóíêöèé HÓ è Hß èñïîëüçóþòñÿ ñêàëÿðíûå ïðîèçâåäåíèÿ� 4 �



Ïðèìåíåíèå âàðèàöèîííûõ ïðèíöèïîâ ìåõàíèêè äëÿ ïîñòðîåíèÿ äèñêðåòíûõ ïî âðåìåíè . . .DQ(1); Q(2)Eß = X�2ßMß� Q(1)� Q(2)� ; Q(i) = nQ(i)� : � 2 ßo 2 Hß;D~v(1); ~v(2)EÓ =X2ÓMÓ D~v(1) ; ~v(2) E =Xk2ÓMÓk v(1)k v(2)k ; ~v(i) = n~v(i) :  2 Óo = nv(i)k : k 2 Óo 2 HÓ; (2)D~v(1); ~v(2)E0(Ó) =X2ÓD~v(1) ; ~v(2) E =Xk2Ó v(1)k v(2)k ; ~v(i) = n~v(i) :  2 Óo = nv(i)k : k 2 Óo 2 H0(Ó);ãäå ÷åðåç Mß� , � 2 ß, è MÓ ,  2 Ó, îáîçíà÷åíû íå çàâèñÿùèå îò âðåìåíè ïîëîæèòåëüíûå ìàññûÿ÷ååê è óçëîâ ñåòêè ñîîòâåòñòâåííî. Ôóíêöèÿ 
� = 
� �~Z� âûðàæàåò îáúåì ÿ÷åéêè � 2 ß ÷åðåçêîîðäèíàòû åå âåðøèí.Ðàññìîòðèì íåÿâíóþ êîíå÷íî-ðàçíîñòíóþ ñõåìó ñ ïîñòîÿííûì âåñîì �, 0 � � � 1,~Zn+1 � ~Zn�tn+1=2 = (1� �) ~Un + �~Un+1 ;  2 Ó; (3)�n = � �~Zn� = 
�~Zn�Mß ; �n� = �� �~Zn� = 
� �~Zn�Mß� ; � 2 ß; (4)~Un+1 � ~Un�tn+1=2 = ���tn�1=2�tn+1=2GRAD�~Zn� pn � (1� �) �tn+3=2�tn+1=2GRAD�~Zn+1� pn+1: (5)Ýòà êîíå÷íî-ðàçíîñòíàÿ ñõåìà ñòðîèòñÿ ïîñëåäîâàòåëüíûì âàðèàöèîííûì ìåòîäîì èç óñëîâèÿ ñòà-öèîíàðíîñòè äèñêðåòíîãî ôóíêöèîíàëà äåéñòâèÿ [2, 3]A =Xn �tn�K �~Un��En (�n)� =Xn �tn�12 D~Un; ~UnEÓ � D1ß; e (�n;Hn)Eß�; (6)ãäå øàã èíòåãðèðîâàíèÿ �tn îïðåäåëåí ôîðìóëîé�tn = ��tn�1=2 + (1� �)�tn+1=2: (7)Ïðè âû÷èñëåíèè óñëîâèé ñòàöèîíàðíîñòè äåéñòâèÿ (6) è âûâîäå èç íèõ óðàâíåíèÿ (5) óðàâíåíèÿ (3)è çàêîí ñîõðàíåíèÿ ìàññû (4) èñïîëüçóþòñÿ â êà÷åñòâå ñâÿçåé è äîïîëíèòåëüíî ïðèìåíÿþòñÿ ñîîò-íîøåíèÿ [5, 8, 2, 9] Æe (�;H; c) = �p (�;H; c) Æ�; (8)Æ�n = DIV �~Zn� Æ ~Zn; Æ ~Zn 2 HÓ; Æ�n 2 Hß;Æ�n� = DIV� �~Zn� Æ ~Zn = 1Mß� X2Ó*@
� �~Zn�@ ~Zn ; Æ ~Zn+; � 2 ß; (9)pn = �pn� = p� (�n�;Hn�) = �@e� (�n�;Hn�)@�n� : � 2 ß� 2 Hß: (10)Ðàçíîñòíûé àíàëîã GRAD(Z) : Hß ! HÓ äèôôåðåíöèàëüíîãî îïåðàòîðà ��1 grad îïðåäåëåí ôîð-ìóëîé�GRAD�~Zn�Q�=GRAD �~Zn�Q=� 1MÓ X�2ßQ�@
� �~Zn�@ ~Zn ;  2 Ó; Q = fQ�g�2ß 2 Hß: (11)Òåîðåìà 1. Ðàññìîòðèì âàðèàöèîííóþ íåÿâíóþ êîíå÷íî-ðàçíîñòíóþ ñõåìó ñ ïîñòîÿííûì âå-ñîì, îïðåäåëåííóþ óðàâíåíèÿìè (3)�(5). Ïðåäïîëîæèì, ÷òî ïðîèçâîëüíàÿ çàâèñèìîñòü ýíòðîïèè� 5 �



Þ. À. Áîíäàðåíêîåäèíèöû ìàññû îò âðåìåíè è íîìåðà ÿ÷åéêè çàäàíà ñåòî÷íîé ôóíêöèåé Hn = fHn� : � 2 ßg 2 Hß,â óðàâíåíèè äëÿ ñêîðîñòè (5) îòñóòñòâóåò âÿçêîñòü, à äàâëåíèå çàâèñèò îò óäåëüíîãî îáúåìàè çàäàííîé ýíòðîïèè ïî ôîðìóëå (10). Îïðåäåëèì ñêðûòûå îáîáùåííûå êîîðäèíàòû è èìïóëüñûóçëîâ ñåòêè ôîðìóëàìè~Z(�)n = ~Zn + � (1� �)�tn�1=2�tn+1=2A@En �~Zn�@ ~Zn ; (12)~wn =MÓ ~Un = n~wn =MÓ ~Un :  2 Óo 2 HÓ; A = �MÓ��1 : HÓ ! HÓ: (13)Òîãäà â ýêâèâàëåíòíîé ðàçíîñòíîé ñõåìå äëÿ ñêðûòûõ îáîáùåííûõ êîîðäèíàò è îáîáùåííûõ èì-ïóëüñîâ ñîõðàíÿåòñÿ êàíîíè÷íîñòü è ôàçîâûé îáúåì â òîì ñìûñëå, ÷òî ìàòðèöà ßêîáè G(�)n+1=2 == @ �~Z(�)n+1; ~wn+1�@ �~Z(�)n; ~wn� óäîâëåòâîðÿåò (1), à ÿêîáèàí ðàâåí åäèíèöå.Äðóãèå ñïîñîáû îïðåäåëåíèÿ ñêðûòûõ îáîáùåííûõ êîîðäèíàò è ñêðûòûõ îáîáùåííûõ èìïóëüñîâ,îòëè÷íûå îò (12) è òàêæå îáåñïå÷èâàþùèå ñîõðàíåíèå êàíîíè÷íîñòè, ïðèâåäåíû äëÿ áîëåå îáùåãîñëó÷àÿ â òåîðåìå 3.Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û 1. Èç (11), (4) è (10) ñëåäóåò ñîîòíîøåíèåMÓ ÆGRAD�~Zn� pn = @En �~Zn�@ ~Zn ; (14)En �~Zn� = E �~Zn; tn� = D1ß; e�� �~Zn� ;Hn�Eß = X�2ßMß� e� ��� �~Zn� ;Hn��: (15)Ïîäñòàíîâêà (14) è (13) â óðàâíåíèÿ (3) è (5) äàåò~Zn+1 � ~Zn�tn+1=2 = A �(1� �) ~wn + � ~wn+1� ; (16)~wn+1 � ~wn�tn+1=2 = ���tn�1=2�tn+1=2 @En(~Zn)@ ~Zn � (1� �) �tn+3=2�tn+1=2 @En+1(~Zn+1)@ ~Zn+1 : (17)Êîîðäèíàòû è èìïóëüñû âåðõíåãî ñëîÿ ïî âðåìåíè ïðè îäíîçíà÷íîé ðàçðåøèìîñòè ðàçíîñòíîé ñõå-ìû (3)�(5) ÿâëÿþòñÿ îäíîçíà÷íûìè ôóíêöèÿìè êîîðäèíàò è èìïóëüñîâ íèæíåãî ñëîÿ, ò. å. ~Zn+1 == ~Zn+1 �~Zn; ~wn� è ~wn+1 = ~wn+1 �~Zn; ~wn�. Äèôôåðåíöèðîâàíèåì óðàâíåíèé (16), (17) ïî ~Zn èîòäåëüíî ïî ~wn ïîëó÷èì ñèñòåìó ÷åòûðåõ ëèíåéíûõ óðàâíåíèé äëÿ áëî÷íûõ êîìïîíåíò ìàòðèöûßêîáè îïåðàòîðà ïåðåõîäà@ �~Zn+1�@ �~Zn� � IÓ = ��tn+1=2A Æ @ �~wn+1�@ �~Zn� ;@ �~wn+1�@ �~Zn� = ���tn�1=2@2En �~Zn��@ ~Zn�2 � (1� �)�tn+3=2@2En+1 �~Zn+1��@ ~Zn+1�2 Æ @ �~Zn+1�@ �~Zn� ;@ �~Zn+1�@ (~wn) = �tn+1=2A Æ "(1� �) IÓ + �@ �~wn+1�@ (~wn) # ;@ �~wn+1�@ (~wn) � IÓ = � (1� �)�tn+3=2@2En+1 �~Zn+1��@ ~Zn+1�2 Æ @ �~Zn+1�@ (~wn) :� 6 �



Ïðèìåíåíèå âàðèàöèîííûõ ïðèíöèïîâ ìåõàíèêè äëÿ ïîñòðîåíèÿ äèñêðåòíûõ ïî âðåìåíè . . .Ðåøåíèå ýòîé ñèñòåìû èìååò âèä@ �~Zn+1�@ �~Zn� = �Bn+1��1 � �2�tn�1=2�tn+1=2 �Bn+1��1 Æ A Æ @2En; (18)@ �~Zn+1�@ (~wn) = �tn+1=2 �Bn+1��1 Æ A; (19)@ �~wn+1�@ �~Zn� = � (1� �)�tn+3=2@2En+1 Æ �Bn+1��1 � ��tn�1=2A�1 Æ �Bn+1��1 ÆA Æ @2En; (20)@ �~wn+1�@ (~wn) = IÓ � (1� �)�tn+1=2�tn+3=2@2En+1 Æ �Bn+1��1 ÆA; (21)ãäå @2En = @2En �~Zn��@ ~Zn�2 è ââåäåíî îáîçíà÷åíèåBn � IÓ + � (1� �)�tn�1=2�tn+1=2A Æ @2En = @ �~Z(�)n�@ �~Zn� : (22)Îãðàíè÷èìñÿ ñëó÷àåì 0 < � < 1, êîãäà �(1� �) 6= 0. Òîãäà ôîðìóëû (18)�(21) ïðèíèìàþò âèä@ �~Zn+1; ~wn+1�@ �~Zn; ~wn� == 0B@ 11� � �Bn+1��1 (IÓ � �Bn) �tn+1=2 �Bn+1��1A� 1�tn+1=2 �Bn+1A��1 �1� �Bn+1 � IÓ�+ 11� � (Bn � IÓ)� 1� h�Bn+1A��1A� (1� �) IÓi1CA :Òåïåðü ìíîãîìåðíîå ïðàâèëî äèôôåðåíöèðîâàíèÿ ñëîæíîé ôóíêöèè äàåò âûðàæåíèå äëÿ ìàòðèöûßêîáè@ �~Z(�)n+1; ~wn+1�@ �~Z(�)n; ~wn� = @ �~Z(�)n+1; ~wn+1�@ �~Zn+1; ~wn+1� Æ @ �~Zn+1; ~wn+1�@ �~Zn; ~wn� Æ0@@ �~Z(�)n; ~wn�@ �~Zn; ~wn� 1A�1 == 0@ Bn+1 00 IÓ 1A Æ @ �~Zn+1; ~wn+1�@ �~Zn; ~wn� Æ0@ (Bn)�1 00 IÓ 1A == 0B@ 11� � (IÓ � �Bn) (Bn)�1 �tn+1=2A� 1�tn+1=2 �Bn+1A��1�1� �Bn+1� IÓ�+ 11� � (Bn � IÓ)�(Bn)�1 1�h�Bn+1A��1A� (1� �) IÓi1CA:Èñïîëüçîâàíèå ñèììåòðè÷íîñòè ìàòðèö Bn ÆA è Bn+1 ÆA, à òàêæå òîæäåñòâ (Bn)T = A�1 ÆBn ÆAè (Bn+1)T = A�1 Æ Bn+1 Æ A äàåò0@@ �~Z(�)n+1�@ �~Z(�)n� 1AT Æ @ �~wn+1�@ (~wn) �0@ @ �~wn+1�@ �~Z(�)n�1AT Æ @ �~Z(�)n+1�@ (~wn) =� 7 �



Þ. À. Áîíäàðåíêî= 1� (1� �) �(Bn)�1�T Æ hIÓ � � (Bn)T i Æ h�Bn+1A��1 Æ A� (1� �) IÓi++ 1� (1� �) �(Bn)�1�T Æ h(1� �) �Bn+1�T + � (Bn)T � IÓi Æ �Bn+1A��1 Æ A == �1� �(Bn)�1�T Æ hIÓ � � (Bn)T i+ 1� �(Bn)�1�T Æ �Bn+1�T Æ �Bn+1A��1 Æ A == 1� �(Bn)�1�T Æh�Bn+1�T Æ �Bn+1A��1 Æ A� IÓ + � (Bn)T i == 1� �(Bn)�1�TÆh�A�1Bn+1A�Æ�Bn+1A��1ÆA� IÓ + � (Bn)T i = 1� �(Bn)�1�TÆh� (Bn)T i=IÓ: (23)Àíàëîãè÷íûìè áîëåå ïðîñòûìè âû÷èñëåíèÿìè ïðîâåðÿåòñÿ ñïðàâåäëèâîñòü ðàâåíñòâ0@@ �~Z(�)n+1�@ �~Z(�)n� 1AT Æ @ �~wn+1�@ �~Z(�)n� �0@ @ �~wn+1�@ �~Z(�)n�1AT Æ @ �~Z(�)n+1�@ �~Z(�)n� = 0; (24)0@@ �~Z(�)n+1�@ (~wn) 1AT Æ @ �~wn+1�@ (~wn) � @ �~wn+1�@ (~wn) !T Æ @ �~Z(�)n+1�@ (~wn) = 0: (25)Ñîâîêóïíîñòü ìàòðè÷íûõ ðàâåíñòâ (23)�(25) ýêâèâàëåíòíà óñëîâèþ ñèìïëåêòè÷íîñòè (1).Â ñëó÷àå �(1 � �) = 0 èìååì Bn = Bn+1 = IÓ. Òîãäà ñèìïëåêòè÷íîñòü ìàòðèöû ßêîáè, îïðåäå-ëåííîé ôîðìóëàìè (18)�(21), ïîñëå ïîäñòàíîâêè � = 0 èëè � = 1 â (18)�(21) ïðîâåðÿåòñÿ ñîâñåìïðîñòî. Ýòî çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû 1.Ôîðìóëà (12) äëÿ ñêðûòûõ îáîáùåííûõ êîîðäèíàò ïîëó÷åíà èíòåãðèðîâàíèåì îïåðàòîðà (22).Ïðîèñõîæäåíèå ýòîãî îïåðàòîðà îáúÿñíÿåò ñëåäóþùèé ðåçóëüòàò.Ëåììà 1. Ïóñòü äëÿ âàðèàöèîííîé êîíå÷íî-ðàçíîñòíîé ñõåìû (3)�(5) âûïîëíåíû ïðåäïîëîæå-íèÿ òåîðåìû 1 è îáîáùåííûé èìïóëüñ ñåòêè îïðåäåëåí ôîðìóëîé (13). Òîãäà â ýêâèâàëåíòíîéðàçíîñòíîé ñõåìå (16), (17) ïðè � 6= 0 è � 6= 1 ôàçîâûé îáúåì íå ñîõðàíÿåòñÿ, òî÷íåå, ÿêîáèàííåëèíåéíîãî ðàçíîñòíîãî îïåðàòîðà ïåðåõîäà â îáùåì ñëó÷àå íå ðàâåí åäèíèöå, îí ðàâåíD �~Zn+1; ~wn+1�D �~Zn; ~wn� = det (Bn)det (Bn+1) ;ãäå îïåðàòîðû Bn : HÓ ! HÓ è Bn+1 : HÓ ! HÓ îïðåäåëåíû ôîðìóëîé (22).Äîêàçàòåëüñòâî ýòîé ëåììû ñâîäèòñÿ ê âû÷èñëåíèþ îïðåäåëèòåëÿ ìàòðèöû ñ êîìïîíåíòàìè(18)�(21). Âûêëàäêè îïóñòèì, òàê êàê îíè â òåðìèíàõ îïðåäåëèòåëåé ïîâòîðÿþò âû÷èñëåíèÿ, èñ-ïîëüçîâàííûå ïðè äîêàçàòåëüñòâå òåîðåìû 1.2. Íåñîõðàíåíèå ôàçîâîãî îáúåìà ïðè ïåðåìåííîì øàãå ïî âðåìåíèâ íåÿâíûõ êîíå÷íî-ðàçíîñòíûõ ñõåìàõ âòîðîãî ïîðÿäêà àïïðîêñèìàöèè ïî âðåìåíèÐàññìîòðèì â ñëó÷àå � = 1=2 íåÿâíûå êîíå÷íî-ðàçíîñòíûå ñõåìû âòîðîãî ïîðÿäêà àïïðîêñèìà-öèè ïî âðåìåíè, êîòîðûå îòëè÷àþòñÿ îò âàðèàöèîííîé êîíå÷íî-ðàçíîñòíîé ñõåìû (3)�(5) òîëüêîóðàâíåíèåì äëÿ ñêîðîñòè, êîòîðîå âìåñòî (5) èìååò âèä~Un+1 � ~Un�tn+1=2 = �12�GRAD�~Zn� pn +GRAD�~Zn+1� pn+1�: (26)Ïîëó÷åííîå ïîñëåäîâàòåëüíûì âàðèàöèîííûì ìåòîäîì êîíå÷íî-ðàçíîñòíîå óðàâíåíèå (5) ïðèíèìà-åò âèä (26) òîëüêî ïðè ïîñòîÿííîì øàãå ïî âðåìåíè �tn+1=2 = const. Ïðè ïåðåìåííîì øàãå ïî� 8 �



Ïðèìåíåíèå âàðèàöèîííûõ ïðèíöèïîâ ìåõàíèêè äëÿ ïîñòðîåíèÿ äèñêðåòíûõ ïî âðåìåíè . . .âðåìåíè êîíå÷íî-ðàçíîñòíîå óðàâíåíèå äëÿ ñêîðîñòè (26) íå óäàëîñü ïîëó÷èòü ïîñëåäîâàòåëüíûìâàðèàöèîííûì ìåòîäîì.Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî ïîëíàÿ âíóòðåííÿÿ ýíåðãèÿ (15) ñóùåñòâåííî íåëèíåéíîçàâèñèò îò êîîðäèíàò óçëîâ ñåòêè, åñëè äëÿ ïî÷òè âñåõ ~Zn è äëÿ ïî÷òè âñåõ ~Zn+1 6= ~Zn, ~Zn+1�� ~Zn = O ��tn+1=2�, âûïîëíåíî óñëîâèå1�tn+1=2 tr0B@A Æ0B@@2E �~Zn+1��@ ~Zn+1�2 � @2E �~Zn��@ ~Zn�2 1CA1CA = O (1) 6= 0: (27)Íà ïðèìåðå òåîðåìû 1 âèäíî, ÷òî ñîõðàíåíèå êàíîíè÷íîñòè è ôàçîâîãî îáúåìà óäàåòñÿ óñòàíîâèòüíå äëÿ òåõ êîîðäèíàò, êîòîðûå ïðèñóòñòâóþò â èñõîäíîé ðàçíîñòíîé ñõåìå (3)�(5), à äëÿ íåêîòîðûõñêðûòûõ êîîðäèíàò (12). Ïîýòîìó ïðè èçó÷åíèè íåñîõðàíåíèÿ ôàçîâîãî îáúåìà íàäî ðàññìàòðèâàòüøèðîêèé êëàññ ñêðûòûõ ïåðåìåííûõ.Îïðåäåëåíèå 2. Êîîðäèíàòû ~Z(X)n è èìïóëüñû ~w(X)n óçëîâ ñåòêè íàçûâàåì ñêðûòûìè îáîá-ùåííûìè êîîðäèíàòàìè è ñêðûòûìè îáîáùåííûìè èìïóëüñàìè, åñëè âûïîëíåíû ñëåäóþùèå äâàóñëîâèÿ. Âî-ïåðâûõ, ñêðûòûå îáîáùåííûå êîîðäèíàòû è ñêðûòûå îáîáùåííûå èìïóëüñû ÿâëÿþò-ñÿ îäíîçíà÷íûìè äîñòàòî÷íî ãëàäêèìè ôóíêöèÿìè îò îáû÷íûõ êîîðäèíàò óçëîâ ñåòêè, îò èì-ïóëüñîâ óçëîâ ñåòêè, îïðåäåëåííûõ ôîðìóëîé (13), âçÿòûõ ñ 2(N + 1) ïîñëåäîâàòåëüíûõ øàãîâ ïîâðåìåíè äëÿ íåêîòîðîãî ôèêñèðîâàííîãî ÷èñëà N � 0, è îò ñîîòâåòñòâóþùèõ øàãîâ ïî âðåìåíè,ò. å. ~Z(X)n = z(X) �~Zn;(N); ~wn;(N);�tn+1=2;(N)� ;~w(X)n =W (X) �~Zn;(N); ~wn;(N);�tn+1=2;(N)� ;~Zn;N = n~Zn�N ; ~Zn�N+1; : : : ; ~Zn; : : : ; ~Zn+N+1o ;~wn;N = �~wn�N ; ~wn�N+1; : : : ; ~wn; : : : ; ~wn+N+1	 ;�tn+1=2;(N) = ��tn+1=2�N ;�tn+3=2�N ; : : : ;�tn+1=2; : : : ;�tn+1=2+N	 : (28)
Âî-âòîðûõ, ñêðûòûå îáîáùåííûå êîîðäèíàòû è ñêðûòûå îáîáùåííûå èìïóëüñû ìàëî îòëè÷àþòñÿîò îáû÷íûõ êîîðäèíàò óçëîâ ñåòêè è èìïóëüñîâ (13) â òîì ñìûñëå, ÷òî ñïðàâåäëèâû àñèìïòî-òè÷åñêèå ïðåäñòàâëåíèÿ~Z(X)n = ~Zn + �nOZ;1 + (�n)2OZ;2 + : : : ;~w(X)n = ~wn + �nOW;1 + (�n)2OW;2 + : : : ;OZ;k = OZ;k �~Zn;(N); ~wn;(N);�tn+1=2;(N)� ; k = 1; : : : ;OW;k = OW;k �~Zn;(N); ~wn;(N);�tn+1=2;(N)� ; k = 1; : : : ;�n = � ��tn+1=2;(N)� ;min��tn+1=2�N ; : : : ;�tn+1=2+N	 � � ��tn+1=2;(N)� � max��tn+1=2�N ; : : : ;�tn+1=2+N	 : (29)
Ñëåäóþùèé ðåçóëüòàò îáúÿñíÿåò, ïî÷åìó, íà ïåðâûé âçãëÿä, áîëåå åñòåñòâåííàÿ àïïðîêñèìàöèÿ ïîâðåìåíè (26) õóæå, ÷åì ïîëó÷åííîå ïîñëåäîâàòåëüíûì âàðèàöèîííûì ìåòîäîì êîíå÷íî-ðàçíîñòíîåóðàâíåíèå (5) äëÿ � = 1=2, êîòîðîå âûãëÿäèò ìåíåå åñòåñòâåííûì.Òåîðåìà 2. Ðàññìîòðèì íåÿâíóþ êîíå÷íî-ðàçíîñòíóþ ñõåìó âòîðîãî ïîðÿäêà àïïðîêñèìàöèèïî âðåìåíè, îïðåäåëåííóþ óðàâíåíèåì (3) ñ � = 1=2 è óðàâíåíèÿìè (4) è (26). Ïðåäïîëîæèì, ÷òîïðîèçâîëüíàÿ çàâèñèìîñòü ýíòðîïèè åäèíèöû ìàññû îò âðåìåíè è íîìåðà ÿ÷åéêè çàäàíà ñåòî÷íîéôóíêöèåé Hn = fHn� : � 2 ßg 2 Hß, â óðàâíåíèè äëÿ ñêîðîñòè (26) îòñóòñòâóåò âÿçêîñòü, à� 9 �



Þ. À. Áîíäàðåíêîäàâëåíèå çàâèñèò îò óäåëüíîãî îáúåìà è çàäàííîé ýíòðîïèè ïî ôîðìóëå (10). Ôàçîâûé îáúåì âòàêîé ðàçíîñòíîé ñõåìå îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:1. Â ýêâèâàëåíòíîé ðàçíîñòíîé ñõåìå äëÿ îáû÷íûõ êîîðäèíàò óçëîâ ñåòêè è äëÿ îáîáùåííûõèìïóëüñîâ (13) ÿêîáèàí îïåðàòîðà ïåðåõîäà �~Zn; ~wn� 7! �~Zn+1; ~wn+1� ðàâåíD �~Zn+1; ~wn+1�D �~Zn; ~wn� = det �Bn+�det �Bn+1� � ; (30)ãäå Bn� = IÓ + 14 ��tn�1=2�2A Æ @2En �~Zn��@ ~Zn�2 : HÓ ! HÓ: (31)2. Äëÿ ëþáîãî îïðåäåëåíèÿ ñêðûòûõ îáîáùåííûõ êîîðäèíàò ~Z(X)n è ñêðûòûõ îáîáùåííûõ èì-ïóëüñîâ ~w(X)n óçëîâ ñåòêè â ñëó÷àå ñóùåñòâåííî íåëèíåéíîé çàâèñèìîñòè ïîëíîé âíóò-ðåííåé ýíåðãèè (15) îò êîîðäèíàò óçëîâ ñåòêè ïðè ïåðåìåííîì øàãå ïî âðåìåíè ôàçîâûéîáúåì íå ñîõðàíÿåòñÿ â òîì ñìûñëå, ÷òî, âîîáùå ãîâîðÿ, äëÿ òàêèõ îáîáùåííûõ êîîðäè-íàò è îáîáùåííûõ èìïóëüñîâ ÿêîáèàí ðàçíîñòíîãî îïåðàòîðà ïåðåõîäà �~Z(X)n; ~w(X)n� 7!7! �~Z(X)n+1; ~w(X)n+1� â óñëîâèÿõ îáùåãî ïîëîæåíèÿ (ò. å. ïðè íåòðèâèàëüíîì äâèæåíèè,îòëè÷àþùåìñÿ îò ñîñòîÿíèÿ ïîêîÿ) íå ðàâåí åäèíèöå: D �~Z(X)n+1; ~w(X)n+1�D �~Z(X)n; ~w(X)n� 6= 1.Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û 2. Ïîñëå ïåðåõîäà â (3) äëÿ � = 1=2 è â (26) ê îáîáùåííîìóèìïóëüñó (13) è ïðèìåíåíèÿ (14) ðàçíîñòíàÿ ñõåìà ïðèíèìàåò âèä~Zn+1 � ~Zn�tn+1=2 = 12A �~wn + ~wn+1� ; (32)~wn+1 � ~wn�tn+1=2 = �12 @En �~Zn�@ ~Zn + @En+1 �~Zn+1�@ ~Zn+1 !: (33)Ïîëàãàÿ, ÷òî ~Zn+1 = ~Zn+1 �~Zn; ~wn� è ~wn+1 = ~wn+1 �~Zn; ~wn�, äèôôåðåíöèðóåì ýòè óðàâíåíèÿ ïî~Zn è îòäåëüíî ïî ~wn è ñ ó÷åòîì îáîçíà÷åíèé (31) àíàëîãè÷íî (18)�(21) ïîëó÷àåì ôîðìóëû äëÿêîìïîíåíò ìàòðèöû ßêîáè îïåðàòîðà ïåðåõîäà:@ �~Zn+1�@ �~Zn� = �Bn+1� ��1 Æ �2IÓ �Bn+� ; (34)@ �~Zn+1�@ (~wn) = �tn+1=2 �Bn+1� ��1 ÆA; (35)@ �~wn+1�@ �~Zn� = 2�tn+1=2A�1 Æ �Bn+1� ��1 Æ �2IÓ �Bn+ �Bn+1� � ; (36)@ �~wn+1�@ (~wn) = A�1 Æ �Bn+1� ��1 Æ �2IÓ �Bn+1� � ÆA: (37)� 10 �



Ïðèìåíåíèå âàðèàöèîííûõ ïðèíöèïîâ ìåõàíèêè äëÿ ïîñòðîåíèÿ äèñêðåòíûõ ïî âðåìåíè . . .Ìàòðèöà ßêîáè ñ áëî÷íûìè êîìïîíåíòàìè (34)�(37) èìååò ðàçëîæåíèå íà ìíîæèòåëè@ �~Zn+1; ~wn+1�@ �~Zn; ~wn� =0BBBBBB@ @ �~Zn+1�@ �~Zn� @ �~Zn+1�@ (~wn)@ �~wn+1�@ �~Zn� @ �~wn+1�@ (~wn)
1CCCCCCA=0@ IÓ 00 1�tn+1=2A�1 1A0@ �Bn+1� ��1 00 �Bn+1� ��1 1A�

�0@ IÓ 02IÓ IÓ 1A0@ IÓ 00 Bn+1� 1A0@ 2IÓ �Bn+ IÓ�2IÓ �IÓ 1A0@ IÓ 00 �tn+1=2A 1A :Îòñþäà ñ ïîìîùüþ ôîðìóëû Øóðà äëÿ îïðåäåëèòåëÿ áëî÷íîé ìàòðèöû ñðàçó ïîëó÷àåì ðàâåí-ñòâî (30) ïåðâîé ÷àñòè òåîðåìû 2.Ïåðåéäåì ê äîêàçàòåëüñòâó âòîðîé, èòîãîâîé è ñàìîé ãëàâíîé ÷àñòè òåîðåìû 2. Òàê êàê çäåñüäîêàçûâàåòñÿ òîëüêî îòðèöàòåëüíûé ðåçóëüòàò, äîñòàòî÷íî óñòàíîâèòü åãî â êàêîì-íèáóäü ÷àñòíîìñëó÷àå. Îãðàíè÷èìñÿ ñëó÷àåì ïîñòîÿííîé (òî÷íåå, íå çàâèñÿùåé îò âðåìåíè è íîìåðà øàãà ïîâðåìåíè) ýíòðîïèè.Áóäåì äåéñòâîâàòü îò ïðîòèâíîãî. Äîïóñòèì, äëÿ ïðèìåðà, ÷òî ñóùåñòâóþò íåêèå ñêðûòûå îáîá-ùåííûå êîîðäèíàòû è ñêðûòûå îáîáùåííûå èìïóëüñû ñëåäóþùåãî âèäà:Z(X)n = z �Zn�1; wn�1; Zn; wn; Zn+1; wn+1; Zn+2; wn+2;�tn�1=2;�tn+1=2;�tn+3=2� ;w(X)n =W �Zn�1; wn�1; Zn; wn; Zn+1; wn+1; Zn+2; wn+2;�tn�1=2;�tn+1=2;�tn+3=2� ; (38)äëÿ êîòîðûõ òî÷íî âûïîëíåí çàêîí ñîõðàíåíèÿ ôàçîâîãî îáúåìà â ôîðìåD �Z(X)n+1; w(X)n+1�D �Z(X)n; w(X)n� = 1: (39)Ïðèâåäåííîå íèæå äîêàçàòåëüñòâî, êàê áóäåò âèäíî, ïîâòîðÿåòñÿ è äëÿ áîëüøåãî ÷èñëà ñëîåâ ïîâðåìåíè, îïðåäåëÿþùèõ â ôîðìóëàõ (28), àíàëîãè÷íûõ (38), ñêðûòûå îáîáùåííûå êîîðäèíàòû èñêðûòûå îáîáùåííûå èìïóëüñû, ëèøü áû ýòèõ ñëîåâ ïî âðåìåíè áûëî ôèêñèðîâàííîå êîíå÷íîå÷èñëî.Ñ ïîìîùüþ íåëèíåéíûõ îïåðàòîðîâ, ðàçðåøàþùèõ ñèñòåìó êîíå÷íî-ðàçíîñòíûõ óðàâíåíèé (32) è(33), ñêðûòûå îáîáùåííûå êîîðäèíàòû è ñêðûòûå îáîáùåííûå èìïóëüñû (38) âñåãäà ìîæíî çàïèñàòüâ âèäå ñëåäóþùèõ ôóíêöèîíàëüíûõ çàâèñèìîñòåé:Z(X)n = z �Zn�1; wn�1;�tn�1=2;�tn+1=2;�tn+3=2� ;w(X)n =W �Zn�1; wn�1;�tn�1=2;�tn+1=2;�tn+3=2� : (40)Îáîçíà÷èì D �Z(X)n; w(X)n�D (Zn�1; wn�1) = F �Zn�1; wn�1;�tn�1=2;�tn+1=2;�tn+3=2� : (41)Ñ ïîìîùüþ ìíîãîìåðíîãî ïðàâèëà äèôôåðåíöèðîâàíèÿ ñëîæíûõ ôóíêöèé ïîëó÷àåì@ �Z(X)n+1; w(X)n+1�@ �Z(X)n; w(X)n� = @ �Z(X)n+1; w(X)n+1�@ (Zn; wn) Æ @ (Zn; wn)@ (Zn�1; wn�1) Æ @ �Z(X)n; w(X)n�@ (Zn�1; wn�1) !�1 :Ïîäñòàâèâ ñþäà (41), (30) è (39), ïîëó÷èì ðàâåíñòâîdet �Bn�1+ �det �Bn�� = F �Zn�1; wn�1;�tn�1=2;�tn+1=2;�tn+3=2�F �Zn; wn;�tn+1=2;�tn+3=2;�tn+5=2� ;� 11 �



Þ. À. Áîíäàðåíêîêîòîðîå ñ ó÷åòîì (31) çàïèøåì â âèäåF �Zn; wn;�tn+1=2;�tn+3=2;�tn+5=2�det�IÓ + 14 ��tn�1=2�2A Æ @2En (Zn)(@Zn)2 � = F �Zn�1; wn�1;�tn�1=2;�tn+1=2;�tn+3=2�det IÓ + 14 ��tn�1=2�2A Æ @2En �Zn�1�(@Zn�1)2 ! : (42)Â óðàâíåíèè (42) ïðàâàÿ ÷àñòü íå çàâèñèò îò �tn+5=2, çíà÷èò, è ëåâàÿ ÷àñòü äîëæíà íå çàâèñåòüîò �tn+5=2. Ïîýòîìó ôóíêöèÿ F �Zn; wn;�tn+1=2;�tn+3=2;�tn+5=2�, ñòîÿùàÿ ñëåâà â (42), äîëæíàíå çàâèñåòü îò �tn+5=2. Îòñþäà ôóíêöèÿ F �Zn�1; wn�1;�tn�1=2;�tn+1=2;�tn+3=2� â (41) òàêæåäîëæíà íå çàâèñåòü îò �tn+3=2. Ñ ó÷åòîì ýòîãî óðàâíåíèå (42) ïðèíèìàåò âèäF �Zn; wn;�tn+1=2;�tn+3=2�det�IÓ + 14 ��tn�1=2�2A Æ @2En (Zn)(@Zn)2 � = F �Zn�1; wn�1;�tn�1=2;�tn+1=2�det IÓ + 14 ��tn�1=2�2A Æ @2En �Zn�1�(@Zn�1)2 ! : (43)Çäåñü ïðàâàÿ ÷àñòü íå çàâèñèò îò �tn+3=2, çíà÷èò, è ëåâàÿ ÷àñòü äîëæíà íå çàâèñåòü îò �tn+3=2.Ïîýòîìó ôóíêöèÿ F �Zn; wn;�tn+1=2;�tn+3=2� ñëåâà â (43) òàêæå äîëæíà íå çàâèñåòü îò �tn+3=2.Îòñþäà ôóíêöèÿ F �Zn�1; wn�1;�tn�1=2;�tn+1=2� òàêæå äîëæíà íå çàâèñåòü îò �tn+1=2. Ñëåäîâà-òåëüíî, óðàâíåíèå (43) ïðèíèìàåò âèäF �Zn; wn;�tn+1=2�det�IÓ + 14 ��tn�1=2�2A Æ @2En (Zn)(@Zn)2 � = F �Zn�1; wn�1;�tn�1=2�det IÓ + 14 ��tn�1=2�2A Æ @2En �Zn�1�(@Zn�1)2 ! : (44)Ïðèìåíÿÿ àíàëîãè÷íûå ðàññóæäåíèÿ äëÿ íåçàâèñèìîãî àðãóìåíòà �tn+1=2 â óðàâíåíèè (44), ïîëó-÷àåì, ÷òî ôóíêöèÿ F �Zn; wn;�tn+1=2� äîëæíà ÿâíî íå çàâèñåòü îò �tn+1=2 è ôóíêöèÿF �Zn�1; wn�1;�tn�1=2� òàêæå äîëæíà íå çàâèñåòü ÿâíî îò �tn�1=2. Ýòèì äîêàçàíî, ÷òîF �Zn�1; wn�1;�tn�1=2;�tn+1=2;�tn+3=2� = F �Zn�1; wn�1� : (45)Óñëîâèå (29) äëÿ ñêðûòûõ îáîáùåííûõ êîîðäèíàò è èìïóëüñîâ (40) çàïèøåì â âèäå@ �Z(X)n; w(X)n�@ (Zn�1; wn�1) = 0@ IÓ +�tn�1=2O1 �tn�1=2O2�tn�1=2O3 IÓ +�tn�1=2O4 1A ; (46)ãäå ìàòðèöû Ok = Ok(Zn�1; wn�1;�tn�1=2) òàêæå ìîãóò çàâèñåòü îò øàãà ïî âðåìåíè, íî îòíîñè-òåëüíî ñëàáî. Â ñèëó (45) îïðåäåëèòåëü ìàòðèöû (46) ñîâñåì íå çàâèñèò îò øàãîâ ïî âðåìåíè, è îò�tn�1=2 â ÷àñòíîñòè. Ïîýòîìó ïåðåä âû÷èñëåíèåì îïðåäåëèòåëÿ ìîæíî â (46) ïåðåéòè ê ïðåäåëó�tn�1=2 ! +0, è òîãäà ïîëó÷àåìF �Zn�1; wn�1� = det0@ IÓ +�tn�1=2O1 �tn�1=2O2�tn�1=2O3 IÓ +�tn�1=2O4 1A == lim�tn�1=2!+0det0@ IÓ +�tn�1=2O1 �tn�1=2O2�tn�1=2O3 IÓ +�tn�1=2O4 1A == det lim�tn�1=2!+00@ IÓ +�tn�1=2O1 �tn�1=2O2�tn�1=2O3 IÓ +�tn�1=2O4 1A = 1:� 12 �



Ïðèìåíåíèå âàðèàöèîííûõ ïðèíöèïîâ ìåõàíèêè äëÿ ïîñòðîåíèÿ äèñêðåòíûõ ïî âðåìåíè . . .Òåì ñàìûì äîêàçàíî, ÷òî F (Zn�1; wn�1) = F (Zn; wn) = 1. Òîãäà èç (42) è (45) ïîëó÷èìdet�IÓ + 14 ��tn�1=2�2A Æ @2En (Zn)(@Zn)2 � = det IÓ + 14 ��tn�1=2�2A Æ @2En �Zn�1�(@Zn�1)2 !: (47)Èñïîëüçóÿ ðàçëîæåíèå det (I + "A) = 1 + " tr (A) +O �"2�, j"j � 1, ïîëó÷àåìdet IÓ + 14 ��tn�1=2�2A Æ @2En �Zk�(@Zk)2 ! = 1 + 14 ��tn�1=2�2 tr A Æ @2En �Zk�(@Zk)2 !+O ���tn�1=2�4� ;�tn�1=2 ! +0; k = n� 1; n:Ïîäñòàâèì ýòè âûðàæåíèÿ â (47) è ïîëó÷èìtr A Æ @2En (Zn)(@Zn)2 � @2En �Zn�1�(@Zn�1)2 !! = O���tn�1=2�2� ;÷òî ïðîòèâîðå÷èò ïðåäïîëîæåíèþ òåîðåìû î ñóùåñòâåííîé íåëèíåéíîñòè (27) ïîëíîé âíóòðåííåéýíåðãèè. Ýòî ïðîòèâîðå÷èå çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû 2.3. Ñîõðàíåíèå êàíîíè÷íîñòè è ôàçîâîãî îáúåìà â íåÿâíûõ êîíå÷íî-ðàçíîñòíûõ ñõåìàõñ ïåðåìåííûì îïåðàòîðîì êèíåòè÷åñêîé ýíåðãèè,ïîñòðîåííûõ ïîñëåäîâàòåëüíûì âàðèàöèîííûì ìåòîäîìÐàññìîòðèì àíàëîã ñõåìû (3)�(5) äëÿ ïåðåìåííîãî îïåðàòîðà êèíåòè÷åñêîé ýíåðãèè T nK == TK�~Zn� : HÓ ! HÓ, çàâèñÿùåãî îò êîîðäèíàò óçëîâ ñåòêè [9, 10]. Äëÿ ïîñòîÿííîãî âåñà �,0 � � � 1, ïîñëåäîâàòåëüíûì âàðèàöèîííûì ìåòîäîì ïîëó÷àåòñÿ ñõåìà [11]~Zn+1 � ~Zn�tn+1=2 = (1� �) ~Un + �~Un+1 ;  2 Ó; (48)�n = � �~Zn� = 
�~Zn�Mß ; �n� = �� �~Zn� = 
� �~Zn�Mß� ; � 2 ß; (49)TK �~Zn+1� ~Un+1 � TK �~Zn� ~Un�tn+1=2 == � ��tn�1=2�tn+1=2GRAD�~Zn� pn � (1� �) �tn+3=2�tn+1=2GRAD�~Zn+1� pn+1 ++ ��tn�1=2�tn+1=2 ~D(K) �~Zn; ~Un�+ (1� �) �tn+3=2�tn+1=2 ~D(K) �~Zn+1; ~Un+1� : (50)Çäåñü âåêòîð ~D(K) �~Zn; ~Un� 2 HÓ åñòü ÷àñòíàÿ âàðèàöèîííàÿ ïðîèçâîäíàÿ êèíåòè÷åñêîé ýíåðãèèK �~U� = 12 DTK �~Z� ~U; ~UEÓ ïî êîîðäèíàòàì, îïðåäåëåííàÿ ôîðìóëîéD~D(K) �~Zn; ~Un� ; ~vEÓ = � dd" 12 DTK �~Zn + "~v� ~Un; ~UnEÓ�"=0; 8~v 2 HÓ: (51)Óðàâíåíèå (50) ïîëó÷àåòñÿ èç óñëîâèÿ ñòàöèîíàðíîñòè äèñêðåòíîãî ôóíêöèîíàëà äåéñòâèÿA =Xn �tn�Kn �~Un��En (�n)� �Xn �tn�12 DTK �~Zn� ~Un; ~UnEÓ � D1ß; e (�n;Hn)Eß� (52)� 13 �



Þ. À. Áîíäàðåíêîñ �tn èç (7); ñîîòíîøåíèÿ (8)�(11) è óðàâíåíèÿ (48), (49) èñïîëüçóþòñÿ êàê ñâÿçè.Âàðèàöèîííàÿ ïðîèçâîäíàÿ êèíåòè÷åñêîé ýíåðãèè ïî ñêîðîñòè äàåò âûðàæåíèå (ïîêà åùå íå ñêðû-òîãî) îáîáùåííîãî èìïóëüñà íåÿâíîé êîíå÷íî-ðàçíîñòíîé ñõåìû (48)�(50):~wn =MÓTK �~Zn� ~Un = �~wn =MÓ �TK �~Zn� ~Un� :  2 Ó� 2 HÓ: (53)Îáîçíà÷èì An = A (Zn) = �MÓ Æ TK (Zn)��1 : HÓ ! HÓ: (54)Îïåðàòîðû An â ïðîñòðàíñòâå H0(Ó) ñ òðèâèàëüíîé ìåòðèêîé (2) � ñèììåòðè÷íûå è ïîëîæèòåëüíîîïðåäåëåííûå. Êèíåòè÷åñêàÿ ýíåðãèÿ èç (52) ñ ó÷åòîì (53), (54) ïðèìåò âèäKn (wn) = K (Zn; wn) = 12 D�MÓ Æ TK (Zn) ÆMÓ��1 wn; wnEÓ = 12DA (Zn)wn; wnE0(Ó): (55)Èç (51) è (54), (55) ïîëó÷àåì MÓD(K) (Zn; wn) = �@K (Zn; wn)@Zn ; (56)Un = A (Zn)wn = @K (Zn; wn)@wn : (57)Ñ ïîìîùüþ (53)�(57) è (14) êîíå÷íî-ðàçíîñòíàÿ ñõåìà (48)�(50) ïðèíèìàåò âèäZn+1k � Znk�tn+1=2 = (1� �) @K (Zn; wn)@wnk + �@K �Zn+1; wn+1�@wn+1k ; k = 1; 2; :::;K; k 2 Ó; (58)wn+1k � wnk�tn+1=2 = ���tn�1=2�tn+1=2 @En (Zn)@Znk � (1� �) �tn+3=2�tn+1=2 @En+1 �Zn+1�@Zn+1k �� ��tn�1=2�tn+1=2 @K (Zn; wn)@Znk � (1� �) �tn+3=2�tn+1=2 @K �Zn+1; wn+1�@Zn+1k ; k = 1; 2; :::;K; k 2 Ó: (59)Î÷åâèäíî, ÷òî äëÿ ïîëíîé ýíåðãèè (ðàçíîñòíîé ôóíêöèè Ãàìèëüòîíà)H n (Zn; wn) = K (Zn; wn) +En (Zn) = 12DA (Zn)wn; wnE0(Ó) + D1ß; e�� �~Zn� ;Hn�Eß (60)óðàâíåíèÿ (58), (59) ïðèíèìàþò åùå áîëåå åñòåñòâåííûé ãàìèëüòîíîâ âèäZn+1 � Zn�tn+1=2 = (1� �) @H n (Zn; wn)@wn + �@H n+1 �Zn+1; wn+1�@wn+1 ; (61)wn+1 � wn�tn+1=2 = ���tn�1=2�tn+1=2 @H n (Zn; wn)@Zn � (1� �) �tn+3=2�tn+1=2 @H n+1 �Zn+1; wn+1�@Zn+1 : (62)Äëÿ äàëüíåéøåãî êîíêðåòíûé âèä (60) ðàçíîñòíîé ôóíêöèè Ãàìèëüòîíà íå âàæåí.Òåîðåìà 3. Ðàññìàòðèâàåì âàðèàöèîííóþ íåÿâíóþ êîíå÷íî-ðàçíîñòíóþ ñõåìó, îïðåäåëåííóþóðàâíåíèÿìè (48)�(50). Ïðåäïîëàãàåì, ÷òî çàâèñèìîñòü ýíòðîïèè åäèíèöû ìàññû îò âðåìåíè èíîìåðà ÿ÷åéêè çàäàíà ñåòî÷íîé ôóíêöèåé Hn = fHn� : � 2 ßg 2 Hß, â óðàâíåíèè äëÿ ñêîðîñòè (50)îòñóòñòâóåò âÿçêîñòü, à äàâëåíèå çàâèñèò îò óäåëüíîãî îáúåìà è çàäàííîé ýíòðîïèè ïî ôîðìóëå(10). Îïðåäåëèì ñêðûòûå îáîáùåííûå êîîðäèíàòû è ñêðûòûå îáîáùåííûå èìïóëüñû ôîðìóëàìè(ñ îáîçíà÷åíèÿìè (53) è (60))eZn = Zn + "n @H n (Zn; wn)@wn ; ewn = wn � Æn @H n (Zn; wn)@Zn : (63)� 14 �



Ïðèìåíåíèå âàðèàöèîííûõ ïðèíöèïîâ ìåõàíèêè äëÿ ïîñòðîåíèÿ äèñêðåòíûõ ïî âðåìåíè . . .Äëÿ ñëåäóþùèõ äâóõ âàðèàíòîâ âûáîðà êîýôôèöèåíòîâ "n è Æn â (63):"n(1) = +(1� �)�tn+1=2; Æn(1) = +��tn�1=2 (64)è "n(2) = ���tn�1=2; Æn(2) = � (1� �)�tn+1=2 (65)â ýêâèâàëåíòíîé ðàçíîñòíîé ñõåìå äëÿ ñêðûòûõ îáîáùåííûõ êîîðäèíàò è ñêðûòûõ îáîáùåííûõèìïóëüñîâ ñîõðàíÿåòñÿ êàíîíè÷íîñòü è ôàçîâûé îáúåì â òîì ñìûñëå, ÷òî ìàòðèöà ßêîáè eeGn+1=2 == @ � eZn+1; ewn+1�@ � eZn; ewn� óäîâëåòâîðÿåò (1), à ÿêîáèàí ðàâåí åäèíèöå.Ä î ê à ç à ò å ë ü ñ ò â î. Èç (63) ñ ïîìîùüþ îáîçíà÷åíèé @2H n = 0@ @nZZ @nZw@nwZ @nww 1A = �@2H n�T ,@nww = @2H n (Zn; wn)(@wn)2 , @nwZ = @2H n (Zn; wn)@wn@Zn , @nZw = (@nwZ)T , @nZZ = @2H n (Zn; wn)(@Zn)2 ïîëó÷àåìQn � @ � eZn; ewn�@ (Zn; wn) = I2Ó +0@ "n 00 Æn 1A Æ J Æ @2H n : (66)Óðàâíåíèÿ (61), (62) îïðåäåëÿþò îäíîçíà÷íûå ôóíêöèè Zn+1= Zn+1(Zn; wn) è wn+1= wn+1(Zn; wn).Ïðîäèôôåðåíöèðîâàâ óðàâíåíèÿ (61) è (62) ïî Zn è îòäåëüíî ïî wn, ïîëó÷èì ÷åòûðå ëèíåéíûõóðàâíåíèÿ äëÿ áëî÷íûõ êîìïîíåíò ìàòðèöû ßêîáè, êîòîðûå çàïèøåì â âèäåRn+1 Æ @ �Zn+1; wn+1�@ (Zn; wn) = Sn; (67)ãäå Rn+1 = I2Ó �0@ ��tn+1=2 00 (1� �)�tn+3=2 1A Æ J Æ @2H n+1 ;Sn = I2Ó +0@ (1� �)�tn+1=2 00 ��tn�1=2 1A Æ J Æ @2H n : (68)Òîãäà èç ìíîãîìåðíîãî ïðàâèëà äèôôåðåíöèðîâàíèÿ ñëîæíûõ ôóíêöèéeeGn+1=2 � @ � eZn+1; ewn+1�@ � eZn; ewn� = @ � eZn+1; ewn+1�@ (Zn+1; wn+1) Æ @ �Zn+1; wn+1�@ (Zn; wn) Æ0@@ � eZn; ewn�@ (Zn; wn) 1A�1ñ ïîìîùüþ (67) è (66) ïîëó÷èìeeGn+1=2 � @ � eZn+1; ewn+1�@ � eZn; ewn� = Qn+1 Æ �Rn+1��1 Æ Sn Æ (Qn)�1 : (69)Óñëîâèå (1) ñèìïëåêòè÷íîñòè ìàòðèöû ßêîáè (69) ïðåîáðàçóåòñÿ ê âèäó(Sn)T Æ ��Rn+1��1�T Æ ��Qn+1�T Æ J ÆQn+1� Æ �Rn+1��1 Æ Sn = (Qn)T Æ J ÆQn: (70)� 15 �



Þ. À. ÁîíäàðåíêîÂ ìàòðè÷íîì óðàâíåíèè (70) ìîæíî èçáàâèòüñÿ îò îáðàòíûõ ìàòðèö äâóìÿ ñïîñîáàìè âûáîðà Qn:äëÿ ýòîãî ìîæíî âçÿòü èëè Qn = Sn, èëè Qn = Rn. Èç ñðàâíåíèÿ (66) ñ (68) ñëåäóåò, ÷òî ïåðâûéâàðèàíò Qn = Sn ñîîòâåòñòâóåò âûáîðó êîýôôèöèåíòîâ (64) â ôîðìóëå (63), à âòîðîé âàðèàíòQn = Rn ñîîòâåòñòâóåò âûáîðó êîýôôèöèåíòîâ (65).Â îáîèõ ýòèõ ñëó÷àÿõ (70) ïðåâðàùàåòñÿ ïî ñóòè â îäèíàêîâûå óðàâíåíèÿ:Qn = Sn ) �Sn+1�T Æ J Æ Sn+1 = �Rn+1�T Æ J Æ Rn+1; (71)Qn = Rn ) (Sn)T Æ J Æ Sn = (Rn)T Æ J Æ Rn: (72)Ïðÿìûìè âû÷èñëåíèÿìè èç (68) ñ ó÷åòîì ñâîéñòâà JT = �J ïîëó÷àåì ðàâåíñòâî(Rn)T Æ J Æ Rn = J + h(1� �)�tn+1=2 � ��tn�1=2i0@ 0 @nZw�@nwZ 0 1A++ � (1� �)�tn�1=2�tn+1=2@2H n Æ J Æ @2H n = (Sn)T Æ J Æ Sn;èç êîòîðîãî ñëåäóåò ñïðàâåäëèâîñòü ñðàçó äâóõ âàðèàíòîâ � (71) è (72) óñëîâèÿ ñîõðàíåíèÿ êàíî-íè÷íîñòè (70). Ýòî çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû 3.Íåîáõîäèìîñòü èñïîëüçîâàíèÿ ñêðûòûõ îáîáùåííûõ êîîðäèíàò è/èëè ñêðûòûõ îáîáùåííûõ èì-ïóëüñîâ äëÿ ñîõðàíåíèÿ ôàçîâîãî îáúåìà, è òåì áîëåå äëÿ ñîõðàíåíèÿ êàíîíè÷íîñòè, âûòåêàåò èçñëåäóþùåãî óòâåðæäåíèÿ.Ëåììà 2. Ïóñòü äëÿ âàðèàöèîííîé êîíå÷íî-ðàçíîñòíîé ñõåìû (48)�(50) âûïîëíåíû ïðåäïî-ëîæåíèÿ òåîðåìû 3 è îáîáùåííûé èìïóëüñ îïðåäåëåí ôîðìóëîé (53). Òîãäà â ýêâèâàëåíòíîéðàçíîñòíîé ñõåìå (61), (62) ïðè � 6= 0 è � 6= 1 ôàçîâûé îáúåì íå ñîõðàíÿåòñÿ, òî÷íåå, ÿêîáèàííåëèíåéíîãî ðàçíîñòíîãî îïåðàòîðà ïåðåõîäà â îáùåì ñëó÷àå íå ðàâåí åäèíèöå, îí ðàâåíD �Zn+1; wn+1�D (Zn; wn) = det (Bn)det (Bn+1) ; (73)ãäå îïåðàòîðû Bn : HÓ ! HÓ è Bn+1 : HÓ ! HÓ îïðåäåëåíû ôîðìóëîéBn = �IÓ + (1� �)�tn+1=2@nwZ� ÆÆnIÓ � ��tn�1=2@nZw + � (1� �)�tn�1=2�tn+1=2@nZZ �IÓ + (1� �)�tn+1=2@nwZ��1 @nwwo : (74)Äîêàçàòåëüñòâî ýòîãî óòâåðæäåíèÿ â ñèëó óðàâíåíèÿ (67) ñâîäèòñÿ ê ïðîñòîìó âû÷èñëåíèþ îïðå-äåëèòåëåé ìàòðèö (68), îòíîøåíèå êîòîðûõ äàåò ôîðìóëû (73), (74).Â ñëó÷àå åäèíè÷íîãî îïåðàòîðà êèíåòè÷åñêîé ýíåðãèè TK = IÓ, ðàññìàòðèâàåìîãî â ðàçä. 1, èìååì@nwZ = @nZw = 0, @nww = A, è òîãäà òðàíñïîíèðîâàíèå (74) äàåò (22).Çàêëþ÷åíèåÎñíîâíûå ðåçóëüòàòû ðàáîòû [1] è äàííîé ðàáîòû ñëåäóþùèå.Âî-ïåðâûõ, äëÿ âñåõ ðàññìîòðåííûõ êîíå÷íî-ðàçíîñòíûõ ñõåì, ïîñòðîåííûõ ïîñëåäîâàòåëüíûìâàðèàöèîííûì ìåòîäîì, äîêàçàíî ñîõðàíåíèå êàíîíè÷íîñòè è ôàçîâîãî îáúåìà. Ñîõðàíåíèå êàíî-íè÷íîñòè îçíà÷àåò, ÷òî ìàòðèöû ßêîáè îïåðàòîðîâ ïåðåõîäà ðàçíîñòíîé ñõåìû ÿâëÿþòñÿ ñèìïëåêòè-÷åñêèìè ìàòðèöàìè, êîòîðûå îáëàäàþò íàáîðîì ïîëåçíûõ äëÿ ïðàêòèêè ñïåêòðàëüíûõ ñâîéñòâ [12],òåñíî ñâÿçàííûõ ñ óñòîé÷èâîñòüþ.Âî-âòîðûõ, äëÿ áîëüøèíñòâà ðàññìîòðåííûõ êîíå÷íî-ðàçíîñòíûõ ñõåì êàíîíè÷íîñòü è ôàçîâûéîáúåì ñîõðàíÿþòñÿ òîëüêî äëÿ íåêîòîðûõ ñêðûòûõ êîîðäèíàò è/èëè ñêðûòûõ èìïóëüñîâ. Íåîáõî-äèìîñòü èñïîëüçîâàíèÿ ñêðûòûõ êîîðäèíàò è ñêðûòûõ èìïóëüñîâ ñóùåñòâåííî îòëè÷àåò ïîëó÷åí-íûå ðåçóëüòàòû îò [7]. � 16 �
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