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ÓÄÊ 517.958:536.2Î ÄÈÔÔÓÇÈÎÍÍÛÕ ÑÂÎÉÑÒÂÀÕ ÑÕÅÌÛ ÐÎÌÁ ÄËß P1-ÓÐÀÂÍÅÍÈÉÀ. À. Øåñòàêîâ(ÐÔßÖ-ÂÍÈÈÒÔ)Äàåòñÿ àíàëèç äèôôóçèîííûõ ñâîéñòâ ñõåìû ÐÎÌÁ äëÿ óðàâíåíèÿ ïåðåíîñà â P1-ïðèáëèæåíèè. Ïîêàçàíî, ÷òî ñõåìà ÐÎÌÁ èìååò àñèìïòîòè÷åñêèé äèôôóçèîííûé ïðå-äåë.Êëþ÷åâûå ñëîâà: ñõåìà ÐÎÌÁ, àñèìïòîòè÷åñêèé äèôôóçèîííûé ïðåäåë.ÂâåäåíèåÑèñòåìà óðàâíåíèé ïåðåíîñà èçëó÷åíèÿ è óðàâíåíèÿ ýíåðãèè ïðåäñòàâëÿþò ñîáîé ñëîæíóþ íåëè-íåéíóþ ñèñòåìó, çàâèñÿùóþ â îáùåì ñëó÷àå îò ñåìè íåçàâèñèìûõ ïåðåìåííûõ. Ïîýòîìó åå ÷àñòîðåøàþò â áîëåå ïðîñòûõ ïðèáëèæåíèÿõ. Ê òàêèì ïðèáëèæåíèÿì îòíîñÿòñÿ ñèñòåìû, ïîëó÷àåìûåñ ïîìîùüþ ìåòîäà ñôåðè÷åñêèõ ãàðìîíèê [1]. Â îäíîìåðíîì ñëó÷àå ñëîæíûå ñôåðè÷åñêèå ôóíê-öèè çàìåíÿþòñÿ ïîëèíîìàìè Ëåæàíäðà. Ïîëèíîìû Ëåæàíäðà îáðàçóþò ïîëíóþ ñèñòåìó, ïîýòîìóñ äàííûì ðàçëîæåíèåì íå ñâÿçàíî íèêàêèõ ïðèáëèæåíèé. Íî íà ïðàêòèêå ïðèõîäèòñÿ îãðàíè÷è-âàòüñÿ êîíå÷íûì ÷èñëîì ÷ëåíîâ, ïîýòîìó ïîëó÷åííûé ðåçóëüòàò íàçûâàåòñÿ Pn-ïðèáëèæåíèåì, åñëèðàçëîæåíèå ïðåðûâàåòñÿ íà (n + 1)-ì ÷ëåíå. Äëÿ íåñòàöèîíàðíûõ çàäà÷ ýòî ïðèáëèæåíèå ïðèâî-äèò ê ãèïåðáîëè÷åñêîé ñèñòåìå óðàâíåíèé îòíîñèòåëüíî n+1 ìîìåíòà â ðàçëîæåíèè èíòåíñèâíîñòèèçëó÷åíèÿ ïî ïîëèíîìàì Ëåæàíäðà. Äëÿ ñòàöèîíàðíûõ çàäà÷ ìîæíî ïðåíåáðå÷ü âðåìåííûìè ïðî-èçâîäíûìè, è ãèïåðáîëè÷åñêàÿ ñèñòåìà â ïðîñòåéøåì P1-ïðèáëèæåíèè ïåðåéäåò â äèôôóçèîííîåóðàâíåíèå ñ ýëëèïòè÷åñêèì îïåðàòîðîì.Âòîðûì äîñòîèíñòâîì Pn-ïðèáëèæåíèÿ ÿâëÿåòñÿ âûïîëíåíèå ñôåðè÷åñêîé ñèììåòðèè (îòñóòñòâèåëó÷åâîãî ýôôåêòà). Ê ñîæàëåíèþ, DSn-ìåòîä, ïðèìåíÿåìûé äëÿ ðåøåíèÿ êèíåòè÷åñêîãî óðàâíåíèÿ,íå îáåñïå÷èâàåò ñèììåòðèè ðåøåíèÿ äëÿ îäíîìåðíîé ñôåðè÷åñêîé çàäà÷è, ïîýòîìó àêòóàëüíîñòüPn-ïðèáëèæåíèÿ ïî-ïðåæíåìó âûñîêà. Èíâàðèàíòíîñòü îòíîñèòåëüíî ñôåðè÷åñêîé ñèììåòðèè äàåòòîëüêî ìåòîä ñôåðè÷åñêèõ ãàðìîíèê.Îäíèì èç òðåáîâàíèé ïðè ïîñòðîåíèè õîðîøåé ðàçíîñòíîé ñõåìû äëÿ óðàâíåíèÿ ïåðåíîñà â Pn-ïðèáëèæåíèè ÿâëÿåòñÿ âûïîëíåíèå ñâîéñòâà àñèìïòîòè÷åñêîãî äèôôóçèîííîãî ïðåäåëà. Ïðè åãîíàðóøåíèè â äèôôóçèîííûõ îáëàñòÿõ ìîæíî ïîëó÷èòü íåâåðíûé ðåçóëüòàò äàæå ïðè ñ÷åòå çàäà÷íà ñõîäèìîñòü (íà î÷åíü ïîäðîáíîé ðàçíîñòíîé ñåòêå ïî ïðîñòðàíñòâó è âðåìåíè).Â ðàáîòå [2] ïðåäñòàâëåí àíàëèç äèôôóçèîííûõ ñâîéñòâ îäíîìåðíûõ Pn-óðàâíåíèé â àíàëèòè-÷åñêîé, à òàêæå â äèñêðåòíîé ôîðìå äëÿ ñõåìû Ðèìàíà. Ðåçóëüòàòû àíàëèçà ïîêàçûâàþò, ÷òîPn-óðàâíåíèÿ è ñõåìà Ðèìàíà ñîõðàíÿþò ëèíåéíîñòü ðåøåíèÿ êàê ïî óãëîâûì, òàê è ïî ïðîñòðàí-ñòâåííûì ïåðåìåííûì. Íî, íåñìîòðÿ íà ýòî, êàê ïîêàçàíî â [2], ñòàíäàðòíàÿ ñõåìà Ðèìàíà íå èìååòàñèìïòîòè÷åñêîãî äèôôóçèîííîãî ïðåäåëà.Ñõåìà Ðèìàíà äîêàçàëà ñâîþ ýôôåêòèâíîñòü ïðè ðåøåíèè çàäà÷ íà ïðîõîæäåíèå ÷àñòèö ÷åðåçîïòè÷åñêè òîíêèå îáëàñòè [3�6]. Â ðàáîòå [2] èññëåäóåòñÿ ïîâåäåíèå ýòèõ ñõåì äëÿ Pn-óðàâíåíèé âçàäà÷àõ äèôôóçèîííîé ïðèðîäû, ò. å. â êîòîðûõ ïðåîáëàäàåò ðàññåÿíèå. Â ñòàöèîíàðíîì ñëó÷àåýòè çàäà÷è îïèñûâàþòñÿ ýëëèïòè÷åñêèì óðàâíåíèåì äèôôóçèè, êîòîðîå ÿâëÿåòñÿ ïðèáëèæåíèåìóðàâíåíèÿ ïåðåíîñà â ïðåäåëå àñèìïòîòè÷åñêè ìàëîãî ïîãëîùåíèÿ è ìàëûõ èñòî÷íèêîâ. Õîðîøîèçâåñòíî, ÷òî íåñòàöèîíàðíàÿ äèôôóçèÿ îïèñûâàåòñÿ ïàðàáîëè÷åñêèì óðàâíåíèåì è ÷òî â îòëè÷èå� 56 �



Î äèôôóçèîííûõ ñâîéñòâàõ ñõåìû ÐÎÌÁ äëÿ P1-óðàâíåíèéîò ãèïåðáîëè÷åñêèõ çàäà÷ ïàðàáîëè÷åñêèå óðàâíåíèÿ õàðàêòåðèçóþòñÿ áåñêîíå÷íîé ñêîðîñòüþ ðàñ-ïðîñòðàíåíèÿ âîçìóùåíèÿ. Îíè òàêæå õàðàêòåðèçóþòñÿ äèññèïàöèåé è äàþò ãëàäêèå ðåøåíèÿ äàæåâ ñëó÷àå íåãëàäêèõ èñòî÷íèêîâ è íà÷àëüíûõ äàííûõ. Â ýòîì è ñîñòîèò ïðîáëåìà ñõåìû Ðèìàíà.Ñõåìà Ðèìàíà ñïåöèàëüíî ñîçäàíà äëÿ ðåøåíèÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé è íå èìååò äèôôóçè-îííîãî ïðåäåëà.Àñèìïòîòè÷åñêèé àíàëèç ïîêàçûâàåò, ÷òî îñíîâíîé ïðè÷èíîé îòñóòñòâèÿ äèôôóçèîííîãî ïðåäåëàäëÿ ñõåìû Ðèìàíà ÿâëÿåòñÿ íàëè÷èå â íåé ÷èñëåííîé äèññèïàöèè. Ýòà äèññèïàöèÿ, çàâèñÿùàÿ îòðàçìåðà ñåòêè, íóæíà äëÿ òîãî, ÷òîáû ñäåëàòü ñõåìó ïðîòèâîïîòîêîâîé è òåì ñàìûì îáåñïå÷èòüòî÷íîå ôèçè÷åñêîå îïèñàíèå êîíå÷íîé ñêîðîñòè ðàñïðîñòðàíåíèÿ è, ñëåäîâàòåëüíî, óñòîé÷èâîñòü.Â ðàáîòå [2] ïðåäëîæåí ìåòîä, êîòîðûé ïîçâîëÿåò ñîõðàíÿòü äèôôóçèîííûé ïðåäåë ñ ïîìîùüþñèñòåìàòè÷åñêîãî óìåíüøåíèÿ ÷èñëåííîé äèññèïàöèè â îáëàñòÿõ, ãäå ïðåîáëàäàåò ðàññåÿíèå.Äëÿ ðåøåíèÿ óðàâíåíèÿ ïåðåíîñà â P1-ïðèáëèæåíèè â ÐÔßÖ-ÂÍÈÈÒÔ ïðèìåíÿåòñÿ ñõåìà ÐÎÌÁ[7, 8]. Â äàííîé ñòàòüå ïðåäñòàâëåí àíàëèç äèôôóçèîííûõ ñâîéñòâ ýòîé ñõåìû. Ïîêàçàíî, ÷òî ñõåìàÐÎÌÁ èìååò àñèìïòîòè÷åñêèé äèôôóçèîííûé ïðåäåë.Ñõåìà Ðèìàíà äëÿ óðàâíåíèÿ ïåðåíîñà â Pn-ïðèáëèæåíèèÄëÿ èññëåäîâàíèÿ àñèìïòîòè÷åñêîãî äèôôóçèîííîãî ïðåäåëà èçëîæèì ñõåìó Ðèìàíà äëÿ óðàâ-íåíèÿ ïåðåíîñà â Pn-ïðèáëèæåíèè, ñëåäóÿ ðàáîòå [2].Â ðàáîòå [2] Pn-óðàâíåíèÿ çàïèñàíû â âåêòîðíî-ìàòðè÷íîé ôîðìå:1c @@t ~ + @@xA~ = �S ~ + ~Q; (1)ãäå âñå êîýôôèöèåíòû Pn-ðàçëîæåíèÿ ñîáðàíû â ìàòðèöå A, âñå ñå÷åíèÿ âçàèìîäåéñòâèÿ � â äèàãî-íàëüíîé ìàòðèöå S, diag (S) = (�a;�t;�t; : : :)T , �a � êîýôôèöèåíò ïîãëîùåíèÿ, �t � êîýôôèöèåíòîñëàáëåíèÿ; c � ñêîðîñòü ñâåòà; âåêòîð ~Q = (Q=(2p�); 0; 0; : : :)T ñîäåðæèò ÷ëåíû èñòî÷íèêà; ~ == ( 0;  1; : : :) � âåêòîð óãëîâûõ ìîìåíòîâ.Ðàçíîñòíàÿ àïïðîêñèìàöèÿ óðàâíåíèé (1) ñõåìîé Ðèìàíà ïî ïðîñòðàíñòâåííîé ïåðåìåííîé èìååòâèä 1c @@t ~ i +A ~ i+1 � ~ i�12�x � j�j�~ i+1 � 2~ i + ~ i�1� = �S ~ i + ~Qi(t): (2)Çäåñü j�j = 12�x nXk=0~rk j�kj~lk;ãäå ~rk, ~lk � k-å ïðàâûé è ëåâûé ñîáñòâåííûå âåêòîðû (íîðìèðîâàííûå òàê, ÷òî ~lk~rk = 1); �k �ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A. Èíäåêñ k íà÷èíàåòñÿ ñ íóëÿ, òàê êàê îí ñîîòâåòñòâóåò èíäåêñól â ñôåðè÷åñêèõ ãàðìîíèêàõ. Òàêàÿ äèñêðåòèçàöèÿ ÿâëÿåòñÿ ïðîòèâîïîòîêîâîé ïî êàæäîìó õàðàê-òåðèñòè÷åñêîìó íàïðàâëåíèþ ñèñòåìû è ïåðâîãî ïîðÿäêà òî÷íîñòè ïî ïðîñòðàíñòâó. Ñõåìû áîëååâûñîêîãî ïîðÿäêà ïðèâîäÿò ê çíà÷èòåëüíî áîëåå ñëîæíîìó âèäó óðàâíåíèé. Òàêàÿ ñõåìà îïèñàíà,íàïðèìåð, â ðàáîòå [4].Óðàâíåíèå ïåðåíîñà èìååò ÷àñòíûå ðåøåíèÿ, êîòîðûå óäîâëåòâîðÿþò çàêîíó Ôèêà, ò. å. ÿâëÿþò-ñÿ äèôôóçèîííûìè. Ïóñòü, íàïðèìåð, èìååòñÿ ëèíåéíûé ïî ïðîñòðàíñòâó èñòî÷íèê Q = qx, ãäåq � êîíñòàíòà. Òîãäà ñòàöèîíàðíàÿ ôóíêöèÿ, ëèíåéíàÿ ïî ïðîñòðàíñòâåííîé ïåðåìåííîé x è ïîíàïðàâëÿþùåìó êîñèíóñó óãëà �, áóäåò ðåøåíèåì óðàâíåíèÿ ïåðåíîñà, êîòîðîå óäîâëåòâîðÿåò çàêî-íó Ôèêà. Áëàãîäàðÿ ýòîìó ñâîéñòâó ïðåäïîëàãàåòñÿ, ÷òî ÷èñëåííàÿ ñõåìà ðåøåíèÿ êèíåòè÷åñêîãîóðàâíåíèÿ òàêæå äîëæíà ñõîäèòüñÿ ê ýòîìó ðåøåíèþ, ïî êðàéíåé ìåðå â äèôôóçèîííîì ïðåäå-ëå. Àíàëîãè÷íî, Pn-óðàâíåíèÿ èìåþò ëèíåéíûå ïî ïðîñòðàíñòâó ñòàöèîíàðíûå ðåøåíèÿ, êîòîðûåóäîâëåòâîðÿþò çàêîíó Ôèêà.Äëÿ èññëåäîâàíèÿ äèôôóçèîííîãî ïðåäåëà Pn-óðàâíåíèé è ÷èñëåííûõ ìåòîäîâ èõ ðåøåíèÿ ïðî-àíàëèçèðóåì ñëó÷àé ñðåäû, ãäå ðàññåÿíèå ïðåîáëàäàåò íàä ïîãëîùåíèåì, ò. å. �s � �a (�s = �t�� �a � êîýôôèöèåíò ðàññåÿíèÿ), è èçìåíåíèåì ïî âðåìåíè ìîæíî ïðåíåáðå÷ü, ò. å. @ l@t � 0: Äëÿ� 57 �



À. À. Øåñòàêîâýòîãî ðàçäåëèì �s è �t íà íåáîëüøóþ ïîëîæèòåëüíóþ âåëè÷èíó " è óìíîæèì íà íåå �a, Q è @@t . Âðåçóëüòàòå ïîëó÷èì "c @ 0@t + @@x (B1 1) + "�a 0 = " Q2p� ;"c @ l@t + @@x (Al�1 l�1 +Bl+1 l+1) + �t"  l = 0; l = 1; : : : ; n; n+1 = 0:Çàòåì çàäàäèì àñèìïòîòè÷åñêîå ðàçëîæåíèå  1 â âèäå l � 1Xj=0 "j (j)l (x; t) ; "! 0: (3)Â ðàáîòå [2] äîêàçàíà òåîðåìà îòíîñèòåëüíî àñèìïòîòè÷åñêîãî ïîâåäåíèÿ Pn-óðàâíåíèé, â êîòîðîéóòâåðæäàåòñÿ: ÷òîáû àñèìïòîòè÷åñêîå ðàçëîæåíèå (3) óäîâëåòâîðÿëî Pn-óðàâíåíèÿì, íåîáõîäèìî,÷òîáû  (j)l = 0 ïðè l > j. Èíûìè ñëîâàìè,  l = O �"l�. Áîëåå òîãî, ýòî ðåøåíèå óäîâëåòâîðÿåòçàêîíó Ôèêà â ñòàðøåì ïîðÿäêå:  (1)1 = �A0@ (0)0@x (4)è 1c @ (0)0@t � @@x A0B1�t @ (0)0@x +�a (0)0 = Q2p� :Ïåðåéäåì ê èññëåäîâàíèþ ñõåìû Ðèìàíà íà âûïîëíåíèå ñâîéñòâà äèôôóçèîííîãî ïðåäåëà. Ñíà-÷àëà ðàññìîòðèì ëèíåéíîå ïî ïðîñòðàíñòâó è íàïðàâëÿþùåìó êîñèíóñó ðåøåíèå, êîòîðîå â äèñ-êðåòíîì âèäå çàïèñûâàåòñÿ êàê 0;i = qi�x2�ap� ;  1;i = � q2�a�tp3� ;  l;i = 0; l > 1:Äëÿ ýòîãî ðåøåíèÿ ñðàçó æå ïîëó÷àåì, ÷òî ( 0;i+1 �  0;i�1)=(2�x) = Q=(2�ap�); ( l;i+1 �  l;i�1)==(2�x) = 0 ïðè l > 0 è ~ i+1 � 2~ i + ~ i�1 = 0. Òîãäà ëåãêî ïîêàçàòü, ÷òî äàííîå ðåøåíèå ÿâëÿåòñÿòî÷íûì ðåøåíèåì äèñêðåòíûõ Pn-óðàâíåíèé ñõåìû Ðèìàíà.Îäíàêî, íåñìîòðÿ íà òî, ÷òî äèñêðåòíûå Pn-óðàâíåíèÿ èìåþò ýòî òî÷íîå ðåøåíèå òèïà äèô-ôóçèîííîãî (êîòîðîå óäîâëåòâîðÿåò çàêîíó Ôèêà), îíè íå óäîâëåòâîðÿþò ñâîéñòâó äèôôóçèîííîãîïðåäåëà. Èñïîëüçóÿ âûøåóêàçàííóþ ïðîöåäóðó äëÿ ", çàïèñûâàåì äèñêðåòíûå óðàâíåíèÿ â âèäå"c d~ idt +A ~ i+1 � ~ i�12�x � j�j(~ i+1 � 2~ i + ~ i�1) = �0BBBBBB@ "�a 0 0 : : :0 �t=" 0 : : :0 0 �t=" : : :... ... ... . . .
1CCCCCCA ~ +0BBBBBB@ "Q= (2p�)00...

1CCCCCCA :
Ñ èñïîëüçîâàíèåì àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ  l;i = 1Pj=0 "j (j)l;i (t) â ðàáîòå [2] äîêàçûâàåòñÿ, ÷òîñõåìà Ðèìàíà íå èìååò äèôôóçèîííîãî ïðåäåëà. Òî åñòü  (0)0;i íå óäîâëåòâîðÿåò äèñêðåòíîìó äèôôó-çèîííîìó óðàâíåíèþ, òàê êàê èç óðàâíåíèÿ (2) ïîëó÷àåòñÿ  (0)0;i+1�2 (0)0;i + (0)0;i�1 = 0. Ýòî ðàâåíñòâîñâèäåòåëüñòâóåò î òîì, ÷òî ÷ëåíû ñòàðøåãî ïîðÿäêà ÿâëÿþòñÿ ëèíåéíûìè ïî ïðîñòðàíñòâó è óäî-âëåòâîðÿþò íåêîððåêòíîìó óðàâíåíèþ äèôôóçèè O2 (0)0 = 0.� 58 �



Î äèôôóçèîííûõ ñâîéñòâàõ ñõåìû ÐÎÌÁ äëÿ P1-óðàâíåíèéÈìåííî ïîýòîìó â ðàáîòå [2] ïðåäëîæåíà ìîäèôèöèðîâàííàÿ ñõåìà Ðèìàíà, â êîòîðîé ïðåäëà-ãàåòñÿ óìíîæèòü ìàòðèöó äèññèïàöèè j�j íà êîýôôèöèåíò h1 + (�s�x)2i�1. Â ýòîì ñëó÷àå, åñëèðàçìåð ÿ÷åéêè ìåíüøå ñðåäíåãî ïðîáåãà ðàññåÿíèÿ, äèññèïàöèÿ ïðàêòè÷åñêè íå ìåíÿåòñÿ, à åñëèðàçìåð ÿ÷åéêè áîëüøå ñðåäíåãî ïðîáåãà ðàññåÿíèÿ, òî äèññèïàöèÿ ðåçêî óìåíüøàåòñÿ. Ýòà äèôôó-çèîííàÿ ïîïðàâêà ñíèìàåò ïðîáëåìó, òàê êàê ïîçâîëÿåò ñäåëàòü j�j = O("2) ïðè "! 0: Êîýôôèöèåíòïåðåñ÷åòà óäîâëåòâîðÿåò óñëîâèþ 11 + (�t=" � "�a)2�x2 � 8><>: 1; "!1;"2�2s�x2 ; "! 0:Ñ èñïîëüçîâàíèåì ýòîãî êîýôôèöèåíòà óðàâíåíèÿ ïîðÿäêà 1=" äàþò (0)l;i = 0ïðè l > 0. Óðàâíåíèÿ ïîðÿäêà l äàþò (1)1;i = �12�x�tp3 � (0)0;i+1 �  (0)0;i�1� ;÷òî íàïîìèíàåò çàêîí Ôèêà. È íàêîíåö, óðàâíåíèÿ ïîðÿäêà " äàþò1c d (0)0;idt � 13�t   (0)0;i+2 � 2 (0)0;i +  (0)0;i�24�x !+�a (0)0;i = Qi2p� :Ýòî äèñêðåòíîå óðàâíåíèå äèôôóçèè ñ êîýôôèöèåíòîì äèôôóçèè D = 1=(3�t). Ýôôåêò ïåðåñ÷åòàäèññèïàöèè ñîñòîèò â òîì, ÷òî ïðîòèâîïîòîêîâàÿ ñõåìà Ðèìàíà, â êîòîðîé ðàçìåð ÿ÷ååê ñðàâíèì ñîñðåäíèì ïðîáåãîì èëè ìåíüøå åãî, ñòàíîâèòñÿ ñõåìîé â öåíòðàëüíûõ ðàçíîñòÿõ.Ñõåìà ÐÎÌÁ äëÿ ðåøåíèÿ óðàâíåíèÿ ïåðåíîñà â P1-ïðèáëèæåíèèÂ çàäà÷àõ ïåðåíîñà òåïëîâîãî èçëó÷åíèÿ äîñòàòî÷íî õîðîøèå ðåçóëüòàòû äàþò óæå P1- è P3-ïðèáëèæåíèÿ. Ðàññìîòðèì îäíîìåðíóþ ñèñòåìó ïåðåíîñà ëó÷èñòîé ýíåðãèè â P1-ïðèáëèæåíèè:1c dUdt + @S@x +�aU = �aB;1c dSdt + 13 @U@x +�tS = 0; (5)ãäå U �  0 � ïëîòíîñòü èçëó÷åíèÿ, óìíîæåííàÿ íà ñêîðîñòü ñâåòà; S �  1 � ïîòîê èçëó÷åíèÿ; B �ôóíêöèÿ Ïëàíêà, óìíîæåííàÿ íà ñêîðîñòü ñâåòà.Îäíîìåðíàÿ ñèñòåìà ïåðåíîñà ëó÷èñòîé ýíåðãèè â äèôôóçèîííîì ïðèáëèæåíèè îòëè÷àåòñÿ óðàâ-íåíèåì äëÿ ïîòîêà 13 @U@x +�tS = 0: (6)Ñèñòåìà ðàçíîñòíûõ P1-óðàâíåíèé ïðè àïïðîêñèìàöèè ïî ñõåìå ÐÎÌÁ èìååò âèä (äëÿ óïðîùåíèÿçàïèñè çäåñü îïóùåíû èíäåêñû ïî ïðîñòðàíñòâåííîé ïåðåìåííîé â öåíòðå ðàçíîñòíîé ÿ÷åéêè i+1=2)1c� Un+1 + 1h�iSn+1 +�aUn+1 = 1c� Un +�aBn+1;1c� Sn+1 + 13h�iUn+1 +�tSn+1 = 1c� Sn; (7)� 59 �



À. À. Øåñòàêîâãäå � = tn+1 � tn; h = xi+1 � xi.Ñèñòåìà óðàâíåíèé (7) ÿâëÿåòñÿ íåçàìêíóòîé. Äëÿ åå çàìûêàíèÿ íàäî çàäàâàòü äîïîëíèòåëüíûåñîîòíîøåíèÿ ñâÿçè èñêîìûõ âåëè÷èí â öåíòðàõ ÿ÷ååê ñ èõ àíàëîãàìè íà ãðàíÿõ. Ýòè ñîîòíîøåíèÿîïðåäåëÿþò òî÷íîñòü è ìîíîòîííîñòü ñõåìû. Ðàññìîòðèì ñîîòíîøåíèÿ ñâÿçè äëÿ U è S ïî ñõåìåÐÎÌÁ [7, 8]: U = 0;5 (Ui + Ui+1) + Æ�iS; S = 0;5 (Si + Si+1) + ��iU: (8)Ïàðàìåòðû Æ, � âûáèðàþòñÿ èç óñëîâèé óñòîé÷èâîñòè è àïïðîêñèìàöèè â âèäåÆ = 14m; m = � + 13qh; q = 1c� +�t; �i+1=2 = q�1i�1=2 � 2q�1i+1=2 + q�1i+3=212h :Ïðè äàííûõ ïàðàìåòðàõ ñõåìà ÐÎÌÁ óñòîé÷èâà, èìååò ïåðâûé ïîðÿäîê àïïðîêñèìàöèè ïî âðå-ìåíè è âòîðîé ïîðÿäîê àïïðîêñèìàöèè ïî ïðîñòðàíñòâó. Â ëèíåéíîì ñëó÷àå ïðè q = const ñõåìàóïðîùàåòñÿ, òàê êàê îäèí èç ïàðàìåòðîâ îáðàùàåòñÿ â íóëü (� = 0).Èñïîëüçóÿ ïðîöåäóðó äîêàçàòåëüñòâà àñèìïòîòè÷åñêîãî äèôôóçèîííîãî ïðåäåëà, çàïèñûâàåì ðàç-íîñòíûå óðàâíåíèÿ (7), (8) â âèäå"c� Un+1 + 1h�iSn+1 + "�aUn+1 = "c� Un + "�aBn+1;"c� Sn+1 + 13h�iUn+1 +��s" + "�a�Sn+1 = "c� Sn; (9)U = 0;5 (Ui + Ui+1) + Æ (")�iS; S = 0;5 (Si + Si+1) + � (")�iU:Â îòëè÷èå îò ñõåìû Ðèìàíà ñõåìà ÐÎÌÁ èìååò áîëåå âûñîêèé ïîðÿäîê òî÷íîñòè ïî ïðîñòðàíñòâóè ìîíîòîííà â äèôôóçèîííîì ïðèáëèæåíèè. Îäíàêî êîýôôèöèåíòû ñõåìû èìåþò áîëåå ñëîæíóþñòðóêòóðó è çàâèñÿò îò ïàðàìåòðîâ ñðåäû. Ïîýòîìó àíàëèç ïîëó÷àåòñÿ áîëåå ñëîæíûé â ñâÿçè ñòåì, ÷òî ïàðàìåòð " ïðèõîäèòñÿ ââîäèòü â êîýôôèöèåíòû Æ; �. Êîýôôèöèåíòû q, Æ, � èìåþò âèäq = "c� + �s" + "�a; Æ = 3qh4 (1 + 3qh�) = O �"�1� ; � = "h12� �"2� 1c� +�a�+�s��1 = O (") ;ãäå �(A) = (Ai�1=2� 2Ai+1=2+Ai+3=2)=h2 � ðàçíîñòíûé îïåðàòîð âòîðîé ïðîèçâîäíîé ïî ïðîñòðàí-ñòâó. Â ëèíåéíîì ñëó÷àå êîýôôèöèåíòû Æ, � èìåþò áîëåå ïðîñòîé âèä:Æ = 3qh4 = 3h4 � "c� + �s" + "�a� = O �"�1� ; � = 0:Ïîäñòàâèâ â P1-óðàâíåíèÿ àñèìïòîòè÷åñêèå ðàçëîæåíèÿ Ui = 1Pj=0 "jU (j)i ;Si = 1Pj=0 "jS(j)i è ñîáðàâ÷ëåíû ïðè "�1, èç âòîðîãî óðàâíåíèÿ (9) äëÿ ëþáîãî èíäåêñà i ïîëó÷èì S(0)i +S(0)i+1 = 0: Òàê êàê ýòîñîîòíîøåíèå ñïðàâåäëèâî äëÿ âñåé ñèñòåìû, òî, èñêëþ÷èâ ýêçîòè÷åñêèé ñëó÷àé, êîãäà ïîòîê ìåíÿåòçíàê â êàæäîé òî÷êå ðàçíîñòíîé ñåòêè, ïîëó÷èì S(0)i = S(0)i+1 = 0: Ñîáðàâ ÷ëåíû ïðè "0, èç ïåðâîãîóðàâíåíèÿ (9) ïîëó÷èì S(0)i+1 � S(0)i = 0; îòêóäà ñ ó÷åòîì ïðåäûäóùåãî âûðàæåíèÿ ñëåäóåò S(0)i = 0äëÿ ëþáîãî i. Èç âòîðîãî óðàâíåíèÿ (9) ïîëó÷èì çàêîí Ôèêà�S(1)i+1=2�n+1 = � 13h�s�i �U (0)�n+1 : (10)Èç ñîîòíîøåíèé ñâÿçè ñ ó÷åòîì S(0)i = 0 âûòåêàþò ñîîòíîøåíèÿ ñâÿçè äëÿ U (0)i+1=2:U (0)i+1=2 = 0;5�U (0)i + U (0)i+1�+ 3h�s4 �iS(1); S(0)i+1=2 = 0:� 60 �



Î äèôôóçèîííûõ ñâîéñòâàõ ñõåìû ÐÎÌÁ äëÿ P1-óðàâíåíèéÝòè ñîîòíîøåíèÿ ñîâïàäàþò ñ ñîîòíîøåíèÿìè ñâÿçè äëÿ ïëîòíîñòè èçëó÷åíèÿ â äèôôóçèîííîìïðèáëèæåíèè.Ñîáðàâ ÷ëåíû ïðè ", ñ ó÷åòîì S(0)i = 0 ïîëó÷èì èç ïåðâîãî óðàâíåíèÿ (9)1c� �U (0)i+1=2�n+1 + 1h�i �S(1)�n+1 +�a �U (0)i+1=2�n+1 = 1c� �U (0)i+1=2�n +�aBn+1: (11)Èç âòîðîãî óðàâíåíèÿ (9) ñëåäóåò çàêîí Ôèêà�S(2)i+1=2�n+1 = � 13h�s�i �U (1)�n+1 :Ýòè óðàâíåíèÿ àíàëîãè÷íû óðàâíåíèÿì (4).Èç ñîîòíîøåíèé ñâÿçè ñ ó÷åòîì S(0)i = 0 ïîëó÷èì ñîîòíîøåíèÿ ñâÿçè äëÿ ñëåäóþùèõ ÷ëåíîâðàçëîæåíèÿ:U (1)i+1=2 = 0;5�U (1)i + U (1)i+1�+ 3h�s4 �iS(2); S(1)i+1=2 = 0;5�S(1)i + S(1)i+1�+ h� ���1s �12 �iU (0):Ýòè óðàâíåíèÿ ñîâïàäàþò ñ ñîîòíîøåíèÿìè ñâÿçè äëÿ ïëîòíîñòè èçëó÷åíèÿ è äàþò ñîîòíîøåíèÿñâÿçè äëÿ ïîòîêà èçëó÷åíèÿ â äèôôóçèîííîì ïðèáëèæåíèè.Ñîáðàâ S(1)i+1=2 èç çàêîíà Ôèêà (10) è óðàâíåíèå äëÿ U (0)i+1=2 (11), îêîí÷àòåëüíî ïîëó÷èì ñëåäóþùèåóðàâíåíèÿ: 1c� �U (0)i+1=2�n+1 + 1h�i �S(1)�n+1 +�a �U (0)i+1=2�n+1 = 1c� �U (0)i+1=2�n +�aBn+1;�S(1)i+1=2�n+1 = � 13h�s�i �U (0)�n+1 ;êîòîðûå ÿâëÿþòñÿ àïïðîêñèìàöèåé äèôôåðåíöèàëüíîé ñèñòåìû óðàâíåíèé äèôôóçèè (5), (6). Ýòîñâèäåòåëüñòâóåò î òîì, ÷òî ñõåìà ÐÎÌÁ èìååò àñèìïòîòè÷åñêèé äèôôóçèîííûé ïðåäåë â ðàìêàõîäíîé ðàçíîñòíîé ÿ÷åéêè. Òàê êàê ýòî ñïðàâåäëèâî äëÿ âñåõ ÿ÷ååê, òî àñèìïòîòè÷åñêèé äèôôóçè-îííûé ïðåäåë ñóùåñòâóåò äëÿ âñåé ñèñòåìû.Äàëüíåéøåå ðàññìîòðåíèå ñëàãàåìûõ ïðè îñòàëüíûõ ñòåïåíÿõ " â ïðîöåäóðå äîêàçàòåëüñòâà àñèìï-òîòè÷åñêîãî äèôôóçèîííîãî ïðåäåëà íå íóæíî.Ñïèñîê ëèòåðàòóðû1. Jeans J. H. The equations of radiative transfer of energy // Astron. Soc. 1917. Vol. 78. P. 28�36.2. McClarren R., Holloway J. P. Establishing an asymptotic di�usion limit for Riemann solvers onthe time-dependent Pn equations // Int. Topical Meeting on Mathematics and Computation,Supercomputing, Reactor Physics and Nuclear and Biological Applications. Avignon, France, 2005.3. McClarren R., Holloway J. P., Brunner T. A., Mehlhorn T. An implicit Riemann solver forthe time-dependent Pn equations // Int. Topical Meeting on Mathematics and Computation,Supercomputing, Reactor Physics and Nuclear and Biological Applications. Avignon, France, 2005.4. Brunner T. A., Holloway J. P. One-dimensional Riemann solvers and the maximum entropy closure// J. Quantitative Spectroscopy and Radiative Transfer. 2001. Vol. 69. P. 543�566.5. Brunner T. A., Holloway J. P. Two dimensional time dependent Riemann solvers for neutrontransport // Proc. of the 2001 ANS Int. Meeting on Mathematical Methods for Nuclear Applications.Salt Lake City, Utah, 2001.6. Brunner T. A. Riemann solvers for time-dependent transport based on the maximum entropy andspherical harmonics closures // Ph. D. thesis. Univerity of Michigan, Ann Arbor, Michigan, 2000.� 61 �
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