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ÓÄÊ 533.9 ÒÅÑÒÛ ÄËß ÏÐÎÃÐÀÌÌ,ÈÑÏÎËÜÇÓÞÙÈÕ ÃÈÁÐÈÄÍÓÞ ÌÎÄÅËÜÏÐÈ ×ÈÑËÅÍÍÎÌ ÌÎÄÅËÈÐÎÂÀÍÈÈ ÄÈÍÀÌÈÊÈ ÏËÀÇÌÛÀ. È. Ãîëóáåâ, Í. Ï. Ïÿòàêîâ(ÐÔßÖ-ÂÍÈÈÝÔ)Íàéäåíû àíàëèòè÷åñêèå ðåøåíèÿ äâóõ ìîäåëüíûõ çàäà÷: çàäà÷è Êîøè äëÿ êèíåòè-÷åñêîãî óðàâíåíèÿ Âëàñîâà ñî ñïåöèàëüíûì íà÷àëüíûì ðàñïðåäåëåíèåì èîíîâ ïðè èõäâèæåíèè â çàäàííîì îäíîðîäíîì ìàãíèòíîì ïîëå è çàäà÷è äëÿ ñèñòåìû óðàâíåíèéýëåêòðîííîé ãèäðîäèíàìèêè è óðàâíåíèé Ìàêñâåëëà â ñëó÷àå èäåàëüíî ïðîâîäÿùåéïëàçìû. Ðåøåíèå âòîðîé çàäà÷è ïîëó÷åíî ìåòîäîì ïðîáíûõ ôóíêöèé. Ýòè ðåøåíèÿìîãóò áûòü èñïîëüçîâàíû ïðè òåñòèðîâàíèè ïðèêëàäíûõ ïðîãðàìì, ðåàëèçóþùèõ ãè-áðèäíóþ ìîäåëü ïëàçìû.Êëþ÷åâûå ñëîâà: êèíåòè÷åñêîå óðàâíåíèå Âëàñîâà, çàäà÷à Êîøè, ìåòîä õàðàêòåðè-ñòèê, óðàâíåíèÿ ýëåêòðîííîé ãèäðîäèíàìèêè, óðàâíåíèÿ Ìàêñâåëëà, ìåòîä ïðîáíûõôóíêöèé. ÂâåäåíèåÏåðâûå ïóáëèêàöèè, ñîäåðæàùèå óðàâíåíèÿ ãèáðèäíîé ìîäåëè ïëàçìû, îòíîñÿòñÿ ê ñåðåäèíå 70-õãîäîâ ïðîøëîãî ñòîëåòèÿ [1, 2]. Â ðàìêàõ ýòîé ìîäåëè äëÿ îïèñàíèÿ äèíàìèêè èîííûõ êîìïîíåíòîâïëàçìû èñïîëüçóåòñÿ êèíåòè÷åñêèé ïîäõîä, à ýëåêòðîíû ïðåäñòàâëÿþòñÿ æèäêîñòüþ, íåéòðàëèçóþ-ùåé çàðÿä èîíîâ. Ýòà ìîäåëü îêàçàëàñü ÷ðåçâû÷àéíî ïðîäóêòèâíîé è íàøëà øèðîêîå ïðèìåíåíèå âïîñëåäóþùèå ãîäû ïðè èçó÷åíèè âçàèìîäåéñòâèÿ ïîòîêîâ ðàçðåæåííîé ïëàçìû â ìàãíèòíîì ïîëå.Òàê, íàïðèìåð, ïðîãðàììû, ðåàëèçóþùèå ãèáðèäíóþ ìîäåëü ïëàçìû, èñïîëüçîâàëèñü ïðè òåîðå-òè÷åñêèõ èññëåäîâàíèÿõ äèíàìèêè ïëàçìû [3�6], ïðè èíòåðïðåòàöèè ðåçóëüòàòîâ ëàáîðàòîðíûõýêñïåðèìåíòîâ è àêòèâíûõ ýêñïåðèìåíòîâ â êîñìîñå [7�9] è â äðóãèõ îáëàñòÿõ ôèçèêè ïëàçìû [10].×èñëåííûå àëãîðèòìû, ïðèìåíÿåìûå ïðè ðåøåíèè óðàâíåíèé ãèáðèäíîé ìîäåëè, èñïîëüçóþò õî-ðîøî èçâåñòíûé ìåòîä ÷àñòèöà â ÿ÷åéêå äëÿ ìîäåëèðîâàíèÿ ïîâåäåíèÿ èîííûõ êîìïîíåíòîâ ïëàç-ìû [11] è ðàçëè÷íûå ðàçíîñòíûå ñõåìû äëÿ ðåøåíèÿ óðàâíåíèé ýëåêòðîííîé ãèäðîäèíàìèêè ñîâ-ìåñòíî ñ óðàâíåíèÿìè Ìàêñâåëëà (ñì., íàïðèìåð, [12�15]).Ñëåäóåò îòìåòèòü, ÷òî, íåñìîòðÿ íà õîðîøî ðàçâèòóþ îáùóþ òåîðèþ ìîäåëèðîâàíèÿ ïëàçìû ìå-òîäîì ÷àñòèöà â ÿ÷åéêå [11], ïðè ðåøåíèè ýòèì ìåòîäîì êîíêðåòíûõ ïðèêëàäíûõ çàäà÷ òðåáóåòñÿóäåëÿòü îñîáîå âíèìàíèå îòäåëüíûì äåòàëÿì ìåòîäà, â ÷àñòíîñòè, çàäàíèþ íà÷àëüíîãî ðàñïðåäå-ëåíèÿ àíñàìáëÿ ìîäåëüíûõ ÷àñòèö. Áîëüøóþ ïîìîùü ïðè ýòîì ìîãóò îêàçàòü ïðåäñòàâèòåëüíûåòåñòîâûå çàäà÷è, â êîòîðûõ çàðàíåå èçâåñòíî âðåìåííîå ïîâåäåíèå àíñàìáëÿ ìîäåëüíûõ ÷àñòèö.Òàê, ïðè èçó÷åíèè âçàèìîäåéñòâèÿ èîíèçîâàííîãî îáëàêà ñ îêðóæàþùåé ïëàçìîé â ìàãíèòíîì ïîëå(ñì., íàïðèìåð, [4, 6]) âåñüìà ïîëåçíîé, ïî ìíåíèþ àâòîðîâ, îêàçûâàåòñÿ çàäà÷à î äâèæåíèè àí-ñàìáëÿ èîíîâ â ïðîñòðàíñòâåííî îäíîðîäíîì ìàãíèòíîì ïîëå. Õîòÿ ðåøåíèå çàäà÷è î äâèæåíèèîòäåëüíîé çàðÿæåííîé ÷àñòèöû â çàäàííîì ìàãíèòíîì ïîëå õîðîøî èçâåñòíî (ñì., íàïðèìåð, [16]),àíàëèòè÷åñêîå îïèñàíèå ïîâåäåíèÿ ñðåäíèõ âåëè÷èí äëÿ àíñàìáëÿ òàêèõ ÷àñòèö ïðè äâèæåíèè âçàäàííîì îäíîðîäíîì ìàãíèòíîì ïîëå, ïî-âèäèìîìó, îòñóòñòâóåò. Âìåñòå ñ òåì, êàê ïîêàçàë îïûòàâòîðîâ â ïðîöåññå ðàçðàáîòêè ïðîãðàìì ìîäåëèðîâàíèÿ äèíàìèêè ðàçðåæåííîé ïëàçìû íà îñíî-âå ãèáðèäíîé ìîäåëè, ýòà çàäà÷à îêàçûâàåòñÿ âåñüìà ïîëåçíîé äëÿ âûÿñíåíèÿ ñâîéñòâ àëãîðèòìîâ� 29 �



À. È. Ãîëóáåâ, Í. Ï. Ïÿòàêîâðàñ÷åòà òðàåêòîðèé ìîäåëüíûõ ÷àñòèö è èõ âêëàäîâ â ñðåäíèå õàðàêòåðèñòèêè ïëàçìû. Â äàííîéðàáîòå ïîëó÷åíî àíàëèòè÷åñêîå ðåøåíèå çàäà÷è Êîøè äëÿ êèíåòè÷åñêîãî óðàâíåíèÿ Âëàñîâà ñî ñïå-öèàëüíûì íà÷àëüíûì ðàñïðåäåëåíèåì èîíîâ ïðè èõ äâèæåíèè â çàäàííîì îäíîðîäíîì ìàãíèòíîìïîëå. Ôóíêöèÿ ðàñïðåäåëåíèÿ â ðàññìîòðåííîé ìîäåëüíîé çàäà÷å íàéäåíà ìåòîäîì õàðàêòåðèñòèê.Â ãèáðèäíîé ìîäåëè ïëàçìû ñîâîêóïíîñòü óðàâíåíèé ýëåêòðîííîé ãèäðîäèíàìèêè è óðàâíåíèéÌàêñâåëëà ÿâëÿåòñÿ ñóùåñòâåííî íåëèíåéíîé ñèñòåìîé, èìåþùåé ñëîæíûå äèñïåðñèîííûå ñâîé-ñòâà [15]. Òåîðåòè÷åñêîå èññëåäîâàíèå ðàçíîñòíûõ ñõåì, èñïîëüçóåìûõ ïðè èõ ðåøåíèè, ìîæåòáûòü âûïîëíåíî ëèøü ïðè çíà÷èòåëüíûõ óïðîùàþùèõ ïðåäïîëîæåíèÿõ è íå âñåãäà äàåò ïîëíî-ãî ïðåäñòàâëåíèÿ î ñâîéñòâàõ ýòèõ ñõåì, â ÷àñòíîñòè ðåàëüíûõ óñëîâèÿõ èõ óñòîé÷èâîñòè. Âäàííîé ðàáîòå ïðåäëîæåíî àíàëèòè÷åñêîå ðåøåíèå ìîäåëüíîé çàäà÷è äëÿ ýòîé íåëèíåéíîé ñèñòå-ìû â ñëó÷àå èäåàëüíî ïðîâîäÿùåé ïëàçìû. Ðåøåíèå ïîëó÷åíî ìåòîäîì ïðîáíûõ ôóíêöèé. Ïðèýòîì ïðîñòðàíñòâåííî-âðåìåííîå ïîâåäåíèå êîìïîíåíò ñàìîñîãëàñîâàííîãî ìàãíèòíîãî ïîëÿ âûáðà-íî ñõîäíûì ñ èõ ïîâåäåíèåì â çàäà÷å î âçàèìîäåéñòâèè èîíèçîâàííîãî îáëàêà ñ îêðóæàþùåé ïëàç-ìîé â ìàãíèòíîì ïîëå [4, 6], à äâèæåíèå èîííûõ êîìïîíåíòîâ ïëàçìû ïîäîáðàíî òàêèì îáðàçîì,÷òîáû óðàâíåíèÿ ðàññìàòðèâàåìîé ñèñòåìû óäîâëåòâîðÿëèñü áåç ÿâíîãî ââåäåíèÿ â íèõ, êàê ýòîîáû÷íî äåëàåòñÿ â ìåòîäå ïðîáíûõ ôóíêöèé, êàêèõ-ëèáî ôèêòèâíûõ èñòî÷íèêîâ.Óðàâíåíèÿ óïðîùåííîé ãèáðèäíîé ìîäåëè ïëàçìûÂ äàííîé ðàáîòå ðàññìîòðèì óïðîùåííûé âàðèàíò ãèáðèäíîé ìîäåëè, ïðåäïîëàãàÿ ïëàçìó èäå-àëüíî ïðîâîäÿùåé è ïðåíåáðåãàÿ âëèÿíèåì ýëåêòðîííîãî äàâëåíèÿ íà äâèæåíèå ÷àñòèö. Â ýòîìñëó÷àå óðàâíåíèÿ ãèáðèäíîé ìîäåëè ìîæíî çàïèñàòü â ñëåäóþùåì âèäå (ñì., íàïðèìåð, [10, 12];èñïîëüçóåòñÿ ãàóññîâà ñèñòåìà åäèíèö):� êèíåòè÷åñêîå óðàâíåíèå äëÿ ôóíêöèè ðàñïðåäåëåíèÿ fk(t,x,v) èîíîâ ñîðòà k

∂fk
∂t

+ v
∂fk
∂x

+
Fk

mk

∂fk
∂v

= 0. (1)Çäåñü Fk = Zk (E+ [v ×B] /c), ãäå Zk, mk � çàðÿä è ìàññà èîíîâ; c � ñêîðîñòü ñâåòà â âàêóóìå;
E, B � íàïðÿæåííîñòü ýëåêòðè÷åñêîãî ïîëÿ è èíäóêöèÿ ìàãíèòíîãî ïîëÿ ñîîòâåòñòâåííî.Ïðè èçâåñòíîé ôóíêöèè ðàñïðåäåëåíèÿ êîíöåíòðàöèÿ èîíîâ ñîðòà k è èõ ñðåäíÿÿ ñêîðîñòüîïðåäåëÿþòñÿ ñëåäóþùèìè ñîîòíîøåíèÿìè:

nk =

∫
fk (t,x,v) dv; nkuk =

∫
vfk (t,x,v) dv; (2)� óðàâíåíèÿ äëÿ ýëåêòðîíîâ

ene =
∑

k

Zknk; E+
1

c
[ue ×B] = 0, (3)ãäå (−e) � çàðÿä ýëåêòðîíà; ne � êîíöåíòðàöèÿ ýëåêòðîíîâ; ue � èõ ñêîðîñòü;� óðàâíåíèÿ Ìàêñâåëëà, íå ñîäåðæàùèå òîêà ñìåùåíèÿ:

∇×E = −
1

c

∂B

∂t
; ∇×B =

4π

c
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Zknkuk. (5)Áóäåì ïîëó÷àòü àíàëèòè÷åñêèå ðåøåíèÿ óðàâíåíèé (1)�(5) ïðèìåíèòåëüíî ê çàäà÷å î âçàèìî-äåéñòâèè èîíèçîâàííîãî îáëàêà ñ îêðóæàþùåé ïëàçìîé âî âíåøíåì ìàãíèòíîì ïîëå, ïðåäïîëàãàÿ� 30 �



Òåñòû äëÿ ïðîãðàìì, èñïîëüçóþùèõ ãèáðèäíóþ ìîäåëü ïðè ÷èñëåííîì ìîäåëèðîâàíèè. . .ïðè ýòîì, ÷òî îêðóæàþùàÿ îáëàêî ïëàçìà ïðîñòðàíñòâåííî îäíîðîäíà, à íà÷àëüíîå ðàñïðåäåëåíèå÷àñòèö îáëàêà ñôåðè÷åñêè-ñèììåòðè÷íî. Â ýòîì ñëó÷àå åäèíñòâåííûì âûäåëåííûì íàïðàâëåíèåìâ ìîäåëè îñòàåòñÿ íàïðàâëåíèå âíåøíåãî ìàãíèòíîãî ïîëÿ è çàäà÷à ñòàíîâèòñÿ îñåñèììåòðè÷íîé ñîñüþ ñèììåòðèè, íàïðàâëåííîé âäîëü ýòîãî ïîëÿ è ïðîõîäÿùåé ÷åðåç òî÷êó, ÿâëÿþùóþñÿ öåíòðîìíà÷àëüíîãî ðàñïðåäåëåíèÿ ÷àñòèö îáëàêà. Äëÿ çàäà÷è ñ îñåâîé ñèììåòðèåé óäîáíî çàïèñàòü óðàâíå-íèÿ ãèáðèäíîé ìîäåëè â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò (r, θ, ϕ) ñ öåíòðîì â ýòîé òî÷êå è ïîëÿðíîéîñüþ, íàïðàâëåííîé âäîëü âíåøíåãî ìàãíèòíîãî ïîëÿ. Â ýòîé ñèñòåìå êîîðäèíàò âñå âåëè÷èíû íåáóäóò çàâèñåòü îò ïåðåìåííîé ϕ.Êèíåòè÷åñêîå óðàâíåíèå (1) äëÿ èîíîâ ñîðòà k ïðèìåò âèä [17] (èíäåêñ k äëÿ ñîêðàùåíèÿ çàïèñèîïóñòèì)
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f = 0. (6)Ôóíêöèÿ f â (6) èìååò ñìûñë ïëîòíîñòè ÷èñëà ÷àñòèö â ôàçîâîì ïðîñòðàíñòâå (r, θ, vr, vθ, vϕ),ïðèõîäÿùåéñÿ íà åäèíèöó àçèìóòàëüíîãî óãëà.Äëÿ äàëüíåéøåãî èçëîæåíèÿ óäîáíî â óðàâíåíèÿõ (2)�(6) ïåðåéòè ê áåçðàçìåðíûì ïåðåìåííûì èôóíêöèÿì. Èñïîëüçóåì â êà÷åñòâå îñíîâíûõ ñëåäóþùèå åäèíèöû èçìåðåíèÿ ([a] îçíà÷àåò åäèíèöóèçìåðåíèÿ âåëè÷èíû a):

[r] = r0; [v] = u0; [n] = n0; [B] = B0; [mk] = m0; [Zk] = e,ãäå B0 � èíäóêöèÿ âíåøíåãî ìàãíèòíîãî ïîëÿ. Äëÿ îñòàëüíûõ âåëè÷èí ïîëîæèì
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B0; [J ] = J0 = en0u0.Òîãäà, ñîõðàíÿÿ äëÿ áåçðàçìåðíûõ âåëè÷èí òå æå îáîçíà÷åíèÿ, ÷òî è äëÿ ðàçìåðíûõ, áóäåì èìåòü
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.Îñòàëüíûå óðàâíåíèÿ ñâîåãî âèäà íå èçìåíÿò.Äâèæåíèå àíñàìáëÿ èîíîâ â ïðîñòðàíñòâåííî îäíîðîäíîì ìàãíèòíîì ïîëåÏðåäïîëîæèì, ÷òî ïîëå E = 0, à âíåøíåå ìàãíèòíîå ïîëå ïðîñòðàíñòâåííî îäíîðîäíî è íàïðàâ-ëåíî âäîëü ïîëÿðíîé îñè ââåäåííîé ðàíåå ñôåðè÷åñêîé ñèñòåìû êîîðäèíàò (r, θ, ϕ). Íåòðóäíî ïîëó-÷èòü ñëåäóþùèå ôîðìóëû äëÿ õàðàêòåðèñòèêè óðàâíåíèÿ (6), ïðîõîäÿùåé ïðè t = t0 ÷åðåç òî÷êó(r0, θ0, vr0, vθ0, vϕ0):
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+ 2ρ0 (αvρ0 + βvϕ0) ; z = z0 + vz0τ ; r2 = ρ2 + z2;

ρvρ = ρ0 (cvρ0 + svϕ0) + αv2⊥0
; vz = vz0;

v2⊥0
= v2ρ0 + v2ϕ0; vρ0 = vr0 sin θ0 + vθ0 cos θ0; vz0 = vr0 cos θ0 − vθ0 sin θ0;

ρ0 = r0 sin θ0; z0 = r0 cos θ0.Ïðèìå÷àíèå. Ïðè ïîëó÷åíèè ôîðìóë (9)�(11) óäîáíî ñíà÷àëà íàéòè âûðàæåíèÿ äëÿ õàðàêòåðè-ñòèê êèíåòè÷åñêîãî óðàâíåíèÿ â äåêàðòîâîé ñèñòåìå êîîðäèíàò (x, y, z) ñ îñüþ z, ñîâïàäàþùåé ñïîëÿðíîé îñüþ ñôåðè÷åñêîé ñèñòåìû êîîðäèíàò, à çàòåì ïåðåéòè ïî èçâåñòíûì ôîðìóëàì ê âûðà-æåíèÿì (9)�(11) â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò.Îòìåòèì âàæíûé ÷àñòíûé ñëó÷àé, êîãäà íà÷àëüíàÿ ñêîðîñòü ìîäåëüíîé ÷àñòèöû èìååò âèä v0 =
= (vr0, 0, 0), ãäå vr0 = r0/t0. Äëÿ íåãî ïîëó÷èì

ρ2 =
ρ2
0

ω2t2
0

[
(ωt

0
+ s)2 + (1− c)2

]
; z = z0 +

r0 cos θ0
t0

(t− t0) = z0
t

t0
.Îòñþäà ñëåäóåò, ÷òî îòíîøåíèå ρ/ρ0 íå çàâèñèò îò íà÷àëüíûõ êîîðäèíàò ÷àñòèöû è äëÿ âñåõ ÷àñòèöîäèíàêîâî â ëþáîé ìîìåíò âðåìåíè t.Îáðàòèìñÿ òåïåðü ê ïîëó÷åíèþ ðåøåíèÿ çàäà÷è Êîøè äëÿ êèíåòè÷åñêîãî óðàâíåíèÿ (6). Ïóñòüïðè t = t0 íà÷àëüíîå óñëîâèå â çàäà÷å Êîøè äëÿ óðàâíåíèÿ (6) èìååò âèä

f (t = t0) =
N
4

3
πt3

0

θ̃ (r0 − t0) δ
(
vr0 −

r0
t0

)
δ (vθ0) δ (vϕ0) ,ãäå N � ñóììàðíîå ÷èñëî èîíîâ â àíñàìáëå (â ïðèíÿòûõ âûøå åäèíèöàõ èçìåðåíèÿ); θ̃ (x) = 1 ïðè

x < 0 è θ̃ (x) = 0 ïðè x > 0. Òîãäà ïðè t > t0 ðåøåíèåì çàäà÷è Êîøè áóäåò ôóíêöèÿ
f =

N
4

3
πt3

0

θ̃
(
r0 (•)− t0

)
δ
(
wr (•)

)
δ
(
wθ (•)

)
δ
(
wϕ (•)

)
, (12)ãäå r0 (•) , wr (•) = vr0 (•) −

r0 (•)

t0
, wθ (•) = vθ0 (•) , wϕ (•) = vϕ0 (•) ÿâëÿþòñÿ ôóíêöèÿìè àðãóìåí-òîâ t, r, θ, vr, vθ, vϕ. Äëÿ òîãî, ÷òîáû çàïèñàòü ðåøåíèå çàäà÷è Êîøè â ÿâíîì âèäå ÷åðåç ýòèàðãóìåíòû, ñëåäóåò âûðàçèòü ÷åðåç íèõ íà÷àëüíûå óñëîâèÿ r0, θ0, vr0, vθ0, vϕ0. Âîñïîëüçóåìñÿ ôîð-ìóëàìè (9), (11). Çàìåíèì â íèõ τ íà −τ , âåëè÷èíû ñ èíäåêñîì 0 � íà ñîîòâåòñòâóþùèå âåëè÷èíûáåç èíäåêñà, à âåëè÷èíû áåç èíäåêñà � íà âåëè÷èíû ñ èíäåêñîì 0. Òîãäà ïîëó÷èì

r20 = ρ20 + z20 ; ρ20 = ρ2 +
(
β2 + α2

)
v2⊥ + 2ρ (−αvρ + βvϕ) ; z0 = z − vzτ ; (13)

r0νr0 = ρ0νρ0 + z0νz;

ρ0r0νθ0 = z0ρ0νρ0 − ρ2
0
νz;

ρ0νϕ0 = ρ (sνρ + cνϕ)− βν2
⊥
,





(14)ãäå ρ0vρ0 = ρ (cvρ − svϕ)− αv2
⊥
. � 32 �



Òåñòû äëÿ ïðîãðàìì, èñïîëüçóþùèõ ãèáðèäíóþ ìîäåëü ïðè ÷èñëåííîì ìîäåëèðîâàíèè. . .Íå áóäåì ïðèâîäèòü ÿâíûé âèä ôóíêöèè f , ïîñêîëüêó â èòîãå ïîòðåáóþòñÿ ëèøü âûðàæåíèÿ äëÿñðåäíèõ õàðàêòåðèñòèê n(t, r, θ), u(t, r, θ). Ïðè èõ âû÷èñëåíèè íåîáõîäèìî ïðîâåñòè èíòåãðèðîâàíèåïî ïåðåìåííûì vr, vθ, vϕ. Äëÿ óïðîùåíèÿ âûêëàäîê áóäåì èíòåãðèðîâàòü â äðóãèõ ïåðåìåííûõ,à èìåííî â ïåðåìåííûõ wr, wθ, wϕ. Êàê ñëåäóåò èç ôîðìóë (14), ïåðåõîä ê ýòèì ïåðåìåííûìóïðîñòèòñÿ, åñëè ïðåäâàðèòåëüíî ââåñòè ïðîìåæóòî÷íûå ïåðåìåííûå èíòåãðèðîâàíèÿ
v̂ρ = cvρ − svϕ; v̂ϕ = svρ + cvϕ; v̂z = vz. (15)ßêîáèàí Ĵ ïåðåõîäà îò ïåðåìåííûõ vr, vθ, vϕ ê ïåðåìåííûì (15) ðàâåí Ĵ = 1. Ïåðåïèøåì ñîîòíî-øåíèÿ (13), (14) â íîâûõ ïåðåìåííûõ:

r20 = ρ20 + z20 ; ρ20 = ρ2 +
(
β2 + α2

)
v̂2⊥ − 2ρ (αv̂ρ + βv̂ϕ) ; z0 = z − v̂zτ ; (16)

r0νr0 = ρ0νρ0 + z0ν̂z;

ρ0r0νθ0 = z0ρ0νρ0 − ρ2
0
ν̂z;

ρ0νϕ0 = ρν̂ϕ − βν̂2
⊥
,





(17)ãäå òåïåðü ρ0vρ0 = ρv̂ρ−αv̂2
⊥
. Îòìåòèì, ÷òî v̂2

⊥
= v̂2ρ+ v̂2ϕ = v2ρ+v2ϕ = v2

⊥
= v2

⊥0
= v2ρ0+v2ϕ0 = v̂2ρ0+ v̂2ϕ0.Íàéäåì íóëè àðãóìåíòîâ δ-ôóíêöèé â ôîðìóëå (12), ò. å. ðåøèì îòíîñèòåëüíî ïåðåìåííûõ v̂ρ, v̂z,

v̂ϕ ñèñòåìó óðàâíåíèé
wr =

1

r0

(
ρ0vρ0 + z0vz0 −

r2
0

t0

)
= 0; wθ =

1

r0
(z0vρ0 − ρ0vz0) = 0; wϕ = vϕ0 = 0.Èç íåå èìååì

vρ0 =
ρ0
t0
; vz0 =

z0
t0
; vϕ0 = 0.Òîãäà, ó÷èòûâàÿ óðàâíåíèÿ (17) è òî, ÷òî v̂z = vz = vz0, íàõîäèì

ρv̂ρ = αv̂2
⊥
+

ρ2
0

t0
; ρv̂ϕ = βv̂2

⊥
; v̂z =

z0
t0
. (18)Ïðè ýòîì

v̂2⊥ = v2ρ0 + v2ϕ0 = v2ρ0 =
ρ2
0

t2
0

. (19)Ïîäñòàâëÿÿ ôîðìóëû (18), (19) â (16), â íóëÿõ àðãóìåíòîâ δ-ôóíêöèé ïîëó÷àåì
ρ20 =

ρ2t2
0

(t0 + α)2 + β2
; z0 =

zt0
t0 + τ

=
zt0
t
. (20)Ââåäåì íîâîå îáîçíà÷åíèå ∆ = (t0 + α)2 + β2, òîãäà r2

0
=

ρ2t2
0

∆
+

z2t2
0

t2
. Ó÷èòûâàÿ (19), (20), èç (18)èìååì

ρv̂ρ = (t0 + α)
ρ2
0

t2
0

= (t0 + α)
ρ2

∆
; ρv̂ϕ = β

ρ2
0

t2
0

= β
ρ2

∆
; v̂z =

z0
t0

=
z

t
. (21)Òåïåðü ïðè âû÷èñëåíèè ìîìåíòîâ ïåðåéäåì îò ôóíêöèè ðàñïðåäåëåíèÿ (12) ê ïåðåìåííûì wr, wθ,

wϕ. Ýòè ïåðåìåííûå âûðàæàþòñÿ ÷åðåç ïðîìåæóòî÷íûå ïåðåìåííûå v̂ρ, v̂ϕ, v̂z ïî ôîðìóëàì
wr = vr0 −

r0
t0

=
1

r0

(
ρ0vρ0 + z0vz0 −

r2
0

t0

)
=

1

r0

(
ρv̂ρ − αv̂2⊥ + z0v̂z −

r2
0

t0

)
;

wθ = vθ0 =
1

r0
(z0vρ0 − ρ0vz0) =

1

r0ρ0

[
z0(ρv̂ρ − αv̂2⊥)− ρ20v̂z

]
; (22)

wϕ = vϕ0 =
1

ρ0

(
ρv̂ϕ − βv̂2⊥

)
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À. È. Ãîëóáåâ, Í. Ï. ÏÿòàêîâÂû÷èñëèì ÿêîáèàí J =

∣∣∣∣
D (wr, wθ, wϕ)

D (v̂ρ, v̂ϕ, v̂z)

∣∣∣∣ â íóëÿõ àðãóìåíòîâ δ-ôóíêöèé â ôîðìóëå (12). Çàìåòèì,÷òî â ýòîì ñëó÷àå ïðè âû÷èñëåíèè ïðîèçâîäíûõ â ôîðìóëàõ (22) ìîæíî îãðàíè÷èòüñÿ äèôôåðåí-öèðîâàíèåì òîëüêî âûðàæåíèé â ñêîáêàõ. Èñêîìûé ÿêîáèàí J ðàâåí
J =

∣∣∣∣∣∣∣∣∣∣∣∣

ρ

r0∆

[
(t0 + α)2 − β2

] 1

r0

2βρ

∆
(t0 + α)

z0
r0

t

t0
z0
ρ0

ρ

r0∆

[
(t0 + α)2 − β2

] z0
ρ0

1

r0

2βρ

∆
(t0 + α) −

ρ0t

r0t0

−
2β

ρ0t20

ρ (α+ t0)

∆

ρ

ρ0

(t0 + α)2 − β2

∆
0

∣∣∣∣∣∣∣∣∣∣∣∣

=
t

t3
0

∆.Çíàÿ ÿêîáèàí, íåòðóäíî âû÷èñëèòü ðàñïðåäåëåíèå êîíöåíòðàöèè ÷àñòèö:
n (r, θ, ϕ) =

∫
fdv =

N
4

3
πt∆

θ̃

(√
ρ2

∆
+

z2

t2
− 1

)
.Ïðè âû÷èñëåíèè ïîëÿ ñêîðîñòåé ïîòðåáóþòñÿ âûðàæåíèÿ äëÿ vr, vθ, vϕ â íóëÿõ àðãóìåíòîâ δ-ôóíêöèé. Ïîäñòàâèâ âûðàæåíèÿ (21) â (15), ïîëó÷èì

vρ = cv̂ρ + sv̂ϕ = c
ρ (α+ t0)

∆
+ s

βρ

∆
= ρ

ct0 + α

∆
;

vϕ = −sv̂ρ + cv̂ϕ = −s
ρ (α+ t0)

∆
+ c

βρ

∆
= −ρ

st0 + β

∆
;

vz = v̂z =
z

t
.×òîáû ïåðåéòè ê vr, vθ, vϕ, íóæíî âîñïîëüçîâàòüñÿ ôîðìóëàìè (11). Îêîí÷àòåëüíî äëÿ êîìïîíåíòñðåäíåé ñêîðîñòè ÷àñòèö u (r, θ, ϕ) =
1

n

∫
vfdv íàõîäèì

ur =
1

r

(
ρ2

ct0 + α

∆
+ z2

1

t

)
; uθ =

zρ

r

(
ct0 + α

∆
−

1

t

)
; uϕ = −ρ

st0 + β

∆
.Çàìå÷àíèå 1. Åñëè ïîëîæèòü, ÷òî ÷àñòîòà ω = 0, ïîëó÷èì çàäà÷ó î ñâîáîäíîì ðàçëåòå øàðîâîãîîáëàêà â ïóñòîòó. Â ýòîì ñëó÷àå s = 0, c = 1, α = τ , β = 0, ∆ = t2 è ïîëó÷àþòñÿ õîðîøî èçâåñòíûåâûðàæåíèÿ

n (r, θ, ϕ) =
N
4

3
πt3

θ̃ (r − t) ; ur =
r

t
; uθ = 0; uϕ = 0.Àíàëèòè÷åñêîå ðåøåíèå ìîäåëüíîé çàäà÷èäëÿ ñèñòåìû óðàâíåíèé ýëåêòðîííîé ãèäðîäèíàìèêè è óðàâíåíèé ÌàêñâåëëàÄëÿ çàäà÷è ñ îñåâîé ñèììåòðèåé óäîáíî ââåñòè â ðàññìîòðåíèå êîìïîíåíòó Aϕ âåêòîðíîãî ïîòåí-öèàëà A òàêîãî, ÷òî B = ∇×A. Â ýòîì ñëó÷àå èç óðàâíåíèé Ìàêñâåëëà ïîëó÷àþòñÿ äâà ñêàëÿðíûõóðàâíåíèÿ äëÿ âû÷èñëåíèÿ êîìïîíåíò Aϕ,Bϕ:

∂Aϕ

∂t
+ Eϕ = 0;

∂Bϕ

∂t
=

1

r

(
∂Er

∂θ
−

∂rEθ

∂r

)
. (23)Â ýòèõ óðàâíåíèÿõ ñîãëàñíî (7)

Er = ueϕBθ − ueθBϕ; Eθ = uerBϕ − ueϕBr; Eϕ = ueθBr − uerBθ. (24)� 34 �



Òåñòû äëÿ ïðîãðàìì, èñïîëüçóþùèõ ãèáðèäíóþ ìîäåëü ïðè ÷èñëåííîì ìîäåëèðîâàíèè. . .Â ñâîþ î÷åðåäü,
Br =

1

r sin θ

∂

∂θ
Aϕ sin θ; Bθ = −

1

r

∂

∂r
rAϕ, (25)à êîìïîíåíòû ñêîðîñòè ýëåêòðîíîâ ue îïðåäåëÿþòñÿ èç óðàâíåíèé (5):

uer = ur −
1

M2qne

1

r sin θ

∂

∂θ
(Bϕ sin θ) ; ueθ = uθ +

1

M2qne

1

r

∂

∂r
(rBϕ) ; (26)

ueϕ = uϕ −
1

M2qne

1

r

(
∂

∂r
rBθ −

∂

∂θ
Br

)
. (27)Â äàëüíåéøåì äëÿ ñîêðàùåíèÿ çàïèñè èñïîëüçóåì îáîçíà÷åíèå M2qne = n.Ïðè ïîëó÷åíèè àíàëèòè÷åñêîãî ðåøåíèÿ óðàâíåíèé (23)�(27) âîñïîëüçóåìñÿ ìåòîäîì ïðîáíûõôóíêöèé [18, 19], îïðåäåëÿÿ ïðè ýòîì êîìïîíåíòû ñðåäíåé ñêîðîñòè èîíîâ òàêèì îáðàçîì, ÷òîáû îíèïðèâîäèëè ê çàðàíåå çàäàííîìó ìàãíèòíîìó ïîëþ. Îòìåòèì, ÷òî óðàâíåíèÿ (23)�(27) ñóùåñòâåííîóïðîñòÿòñÿ, åñëè ïðåäïîëîæèòü, ÷òî

uθ = −
1

nr

∂

∂r
rBϕ.Â ýòîì ñëó÷àå ueθ = 0 è â óðàâíåíèÿõ (23)�(27) ìîæíî ÿâíî âûäåëèòü óãëîâóþ çàâèñèìîñòü, åñëèïðåäïîëîæèòü, ÷òî êîíöåíòðàöèÿ ýëåêòðîíîâ íå çàâèñèò îò ïåðåìåííîé θ.Ââåäåì íîâûå íåèçâåñòíûå aϕ, bϕ, br, bθ, αϕ, αeϕ, eϕ, er, eθ, ïîëàãàÿ ïðè ýòîì, ÷òî îíè áóäóòçàâèñåòü ëèøü îò ïåðåìåííûõ r, t:

Aϕ = aϕ sin θ; Bϕ = bϕ sin θ cos θ; Br = br cos θ; Bθ = bθ sin θ;

uϕ = αϕ sin θ; ueϕ = αeϕ sin θ; Er = er sin
2 θ; Eθ = eθ sin θ cos θ; Eϕ = eϕ sin θ.Åñëè òåïåðü ïîëîæèòü

ur = αr (r, t)−
3

nr
bϕ sin2 θ,òî ñîãëàñíî (26) êîìïîíåíòà uer íå áóäåò çàâèñåòü îò óãëà θ:

uer = αr −
2

nr
bϕ. (28)Ïðåäïîëîæèì, ÷òî çàâèñèìîñòè n (r, t), aϕ (r, t), bϕ (r, t) èçâåñòíû; ïî ôîðìóëàì (25) ìîæíî âû÷èñ-ëèòü ôóíêöèè br (r, t), bθ (r, t). Ñ ó÷åòîì ñäåëàííûõ âûøå ïðåäïîëîæåíèé íàéäåì ôóíêöèè αr (r, t),

αϕ (r, t) òàêèì îáðàçîì, ÷òîáû óäîâëåòâîðÿëèñü óðàâíåíèÿ (23)�(27). Ñ ó÷åòîì (23), (24), (28) èìååì
αr = uer +

2

nr
bϕ =

1

bθ

∂aϕ
∂t

+
2

nr
bϕ.Îïðåäåëåíèå çàâèñèìîñòè αϕ (r, t) ïðîâåäåì ñ èñïîëüçîâàíèåì âòîðîãî ñîîòíîøåíèÿ â (23). Ïðåä-âàðèòåëüíî çàìåòèì, ÷òî ñîãëàñíî (27)

αϕ = αeϕ +
1

nr

(
br +

∂rbθ
∂r

)
. (29)Èç âòîðîãî óðàâíåíèÿ (23) äëÿ ôóíêöèè αeϕ (r, t) ïîëó÷èì ñîîòíîøåíèå âèäà

2aϕ
r

(
∂αeϕ

∂r
−

αeϕ

r

)
=

∂bϕ
∂t

+
1

r

∂ruerbϕ
∂r

.Èç ýòîãî ñîîòíîøåíèÿ, ïîëàãàÿ, ÷òî αeϕ (r = 0, t) = 0, ìîæíî ÷èñëåííî èëè àíàëèòè÷åñêè îïðåäåëèòüôóíêöèþ αeϕ (r, t) è ïî ôîðìóëå (29) âû÷èñëèòü αϕ (r, t).� 35 �



À. È. Ãîëóáåâ, Í. Ï. ÏÿòàêîâÏðèâåäåì ðåçóëüòàòû èçëîæåííîãî âûøå ïîäõîäà äëÿ ñëó÷àÿ, êîãäà ìàãíèòíîå ïîëå èìååò âèä
Br=

(
1−e−αr2/t2

)
cos θ; Bθ=−

[
1 +

(
α
r2

t2
− 1

)
e−αr2/t2

]
sin θ; Bϕ = Bϕ0

r2t

2
e−βr/t sin θ cos θ, (30)ãäå α, β, Bϕ0 � íåêîòîðûå ïàðàìåòðû; â ýòîì ñëó÷àå Aϕ =
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sin θ. Îòìåòèì, ÷òî åñëèïîñòðîèòü ïðîåêöèè ñèëîâûõ ëèíèé ýòîãî ïîëÿ íà ïëîñêîñòü ϕ = const, òî èõ ðàñïðåäåëåíèå áóäåòêà÷åñòâåííî ñîãëàñîâûâàòüñÿ ñ ðàñïðåäåëåíèåì ïðîåêöèé ñèëîâûõ ëèíèé â çàäà÷àõ, ðàññìîòðåííûõâ ðàáîòàõ [4, 6].Â ýòîì ñëó÷àå êîìïîíåíòû ñêîðîñòè èîíîâ îïðåäåëÿþòñÿ ôóíêöèÿìè âèäà
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.Ðåøåíèå (30) íå çàâèñèò íè îò çíà÷åíèé M2, q, íè îò êîíöåíòðàöèè ýëåêòðîíîâ ne(r, t). Çàäàâàÿâ òåñòèðóåìîé ïðîãðàììå äâèæåíèå èîíîâ ñîãëàñíî (31), ìîæíî, ñðàâíèâàÿ ÷èñëåííîå ðåøåíèå èðåøåíèå (30), ïîëó÷èòü ïðåäñòàâëåíèå î ñâîéñòâàõ ðàçíîñòíîé ñõåìû ðåøåíèÿ óðàâíåíèé (4), (5).Çàìå÷àíèå 2. Êàê ýòî îáû÷íî ïðèíÿòî â ãèáðèäíûõ ìîäåëÿõ ïëàçìû, ïëîòíîñòü çàðÿäà ýëåêòðîíîâïîëàãàåòñÿ ðàâíîé ñóììàðíîé ïëîòíîñòè çàðÿäîâ èîíîâ (ñì. ôîðìóëû (3)), ïîýòîìó íåïîñðåäñòâåííîñàìî óðàâíåíèå íåïðåðûâíîñòè äëÿ êîíöåíòðàöèè ýëåêòðîíîâ â ýòèõ ìîäåëÿõ íå èñïîëüçóåòñÿ. Åñëèáû îíî ïðèìåíÿëîñü íàðÿäó ñ äðóãèìè óðàâíåíèÿìè ýëåêòðîííîé ãèäðîäèíàìèêè, òî è òîãäà ìîæíîáûëî áû âîñïîëüçîâàòüñÿ ïîëó÷åííûìè âûøå ðåçóëüòàòàìè. Îäíàêî ïðè ýòîì ïðèøëîñü áû äîáàâèòüâ óðàâíåíèå íåïðåðûâíîñòè ôèêòèâíûé èñòî÷íèê ýëåêòðîíîâ, ïîñêîëüêó â ðàññìîòðåííîé âûøåìîäåëüíîé çàäà÷å êîíöåíòðàöèÿ ýëåêòðîíîâ ÿâëÿåòñÿ çàðàíåå çàäàâàåìîé ôóíêöèåé.Çàêëþ÷åíèåÂ äàííîé ðàáîòå ïðèâåäåíû àíàëèòè÷åñêèå ðåøåíèÿ äâóõ ìîäåëüíûõ çàäà÷, à èìåííî àíàëèòè÷å-ñêîå îïèñàíèå ïîâåäåíèÿ ñðåäíèõ âåëè÷èí äëÿ àíñàìáëÿ èîíîâ ïðè èõ äâèæåíèè â çàäàííîì îäíîðîä-íîì ìàãíèòíîì ïîëå è àíàëèòè÷åñêîå ðåøåíèå ìîäåëüíîé çàäà÷è äëÿ íåëèíåéíîé ñèñòåìû óðàâíåíèéýëåêòðîííîé ãèäðîäèíàìèêè è óðàâíåíèé Ìàêñâåëëà â ñëó÷àå èäåàëüíî ïðîâîäÿùåé ïëàçìû. Ýòèðåøåíèÿ ìîãóò áûòü èñïîëüçîâàíû ïðè òåñòèðîâàíèè ïðèêëàäíûõ ïðîãðàìì, ðåàëèçóþùèõ ãèáðèä-íóþ ìîäåëü ïëàçìû. � 36 �
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